
The Computational Advantage of Depth: 
Learning High-Dimensional Hierarchical 
Functions with Gradient Descent
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Transformers, CNNs, 
geometric deep learning, 

etc.

*Till AGI
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Can we understand this in some 
analyzable setting?

Akin to Coarse-graining/Renormalization (Gulio’s talk)

Filtering of features of 
increasing complexityLarge

 effective dimension

Large search 
space for target

small effective 
dimension

Small search space 
for target
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W ∈ ℝp×d

â ∈ ℝp

̂y = f ̂(x) = â ⋅ σ(Wx)

x ∈ ℝd

̂y ∈ ℝ
̂y = ̂f(x) =

p

∑
i=1

̂aiσi(⟨wi, x⟩) =
p

∑
i=1

̂aiΦCK(x)

No training of the first layer: W is fixed

Random features

Very popular setting among theoreticians 

Equivalent to Neural Tangent Kernel/Lazy Regime/Kernel methods/ etc..


 [Jacot, Gabriel, Hongler ’18; Lee, Jaehoon, et al. 18; Chizat, Bach ’19,…]

 [Balcan,Blum, Vempala ’06, Rahimi-Recht ’17…]

Computationally easy (linear regression)

 Neural Networks without Feature Learning
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Too easy…no further 
advantage of depth
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 A SIGHT beyond Two Layers (Single-Index Gaussian Hierarchical Targets)

Subspace dimension  
for 

dϵ

0 < ϵ < 1

: polynomial of degree 
: non-linearity

Pk k
g⋆

da⋆

h⋆ = a⋆ ⋅
Pk (x⋆)

dε
∈ ℝ

f ⋆(x) = g⋆(h⋆)

high-dimensional Gaussian 
x ∼ 𝒩(0, Id)

x ∈ ℝdx⋆ = W⋆x ∈ ℝdϵ

dϵ
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 MIGHT (Multi-Index Gaussian Hierarchical Targets)

h⋆
m(x) =

1

dε
a⋆⊤

m Pk,m (W⋆
mx), m = 1, …r

f ⋆(x) = g⋆ (h⋆
1 (x), …, h⋆

r (x), x ∈ ℝd

x ∈ ℝdx⋆ = W⋆x ∈ ℝdϵ

W⋆ ∈ ℝdϵ×d

a⋆

h⋆ ∈ ℝr

dϵ df ⋆(x) = g⋆(h⋆)

high-dimensional Gaussian 
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 Key features of SIGHTS/MIGHTS

• SIGHT/MIGHT are simply three-layer neural networks.

• Dimension of features reduces from  to  to . d dϵ 𝒪(1)

• By CLT,  asymptotically Gaussian and independent.h*

• Motivated by Nichani et al. 2023:  

f ⋆(x) = g⋆(x⊤Ax)
1 level of dimension-

reduction

2-layer NN can’t learn 
non-linear features

No adaptivity of first layer 
required





Learning SIGHT with Two-layer NNs

III
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• expressive  (non-zero 
Hermites) and regular.

g⋆

Pk
≤ 2

CIE(1) = IE(g⋆) × IE(Pk)

σ

•    (symmetric targets)


• Correlation loss


• Re-initialization of layers


•  expressive (non-zero Hermites) and 
regular.


• : information exponent (to avoid 
spikes) 


• , 
,


•

a⋆
i = 1 ∀i

Pk ≠ 1

𝔼[σ(σ(z))He2(z)]𝔼[Pk(z)He2(z)] > 0
𝔼[σ(σ(z))z] = 0

𝔼z∼𝒩(0,1)[g*(z)Hej(z) = 0, 1 < j ≤ k]
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W2 = 0d×d
𝒪(dkϵ+δ) p1 = 𝒪(dkϵ+δ)

                                        hi(x) = W2σ(W1x) = cwi
3h

⋆(x) + od(1)

• Third layer: Ridge regression on  with samples , :w3 𝒪(dδ) p2 = 𝒪(dδ)

                                           ̂f(x) = f⋆(x) + od(1)

̂f(x) = w3⊤σ (W2σ(W1x + b1) + b2)
W1 ∈ ℝp1×d, W2 ∈ ℝp2×p1, w3 ∈ ℝp3

Let  be arbitrarily smallδ > 0
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Key ideas and proof sketches
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Recovery by the first layer

drift+martingale

Gradient dominated by initial 
direction

w⋆
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w⋆
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u⋆
i =
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∥PW⋆w0
i ∥

dwi

dt
∝ u⋆

i + noise

Updates to SGD on W1 ≈

h⋆ = a⋆ ⋅
Pk (W⋆x)

dε
∈ ℝ

g⋆(h⋆(x)) ≈ μ1h⋆(x) + μ⋆
2 He2(h⋆(x)) + . . .

higher-order terms supressed by vanishing 
specialization along  + vanishing step size.w⋆

i
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Gradient updates ≈ Projections on the conjugate 
Kernel* 

ΔWi
2 ∝ w3

i σ(W1X⊤)f ⋆(X) ⊙ σ′￼(ht
i(X))

h(x) = W2σ(W1x) ∈ ℝp2, X ∈ ℝn×d

Δhi(x) ∝ w3
i σ(W1x)⊤σ(W1X⊤)f⋆(X) ⊙ σ′￼(ht
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Conjugate Kernel{
*Nichani et al. 2023 

Δht
i,2(x) ≈ ⟨σ(W1x), ΔWi⟩

Perturbed target{

Δhi(x) ∝ w3
i σ(W1x)⊤σ(W1X⊤)f⋆(X)
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Dimension reduction in action
KCK(x, x′￼) = σ(W1x)⊤σ(W1x′￼)

• Conjugate Kernel ill-conditioned,  steps for convergence 

  sample complexity.


• Fix: Pre-conditioning: 

λk =
1

dϵk
⟹ 𝒪(dϵk)

⟹ 𝒪(d2ϵk)

W2 = W2 − η(
1
n

σ(W1X⊤)σ(W1X)⊤)−1 ∇W2
ℒ

Caveats:
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+ …

n = O(dkϵ+δ) Concentrates to informative spikes

{ Noise/ Identity{

dominant low-degree term along 
h⋆(x)

x⋆ = W⋆x h⋆ = a⋆ ⋅
Pk (x⋆)

dε
∈ ℝ

With Gaussian inputs, some radial degree  polynomials require less 
than  samples.


k
O(dk)

Caveat:



Fitting the last layer



Fitting the last layer

h(x) = W2σ(W1x) ≈ cw3h⋆(x)



• Reduction to Kernel on low-dimensional features.


• .


• .


• Sample complexity/width now dimension-independent.

K(x1, x2) = 𝔼w∼𝒩(0,1)[σ(cwh⋆(x1) + b)σ(cwh⋆(x2) + b)]

Ŵ3 ≈ KRR(K( ⋅ ), X, y)

Fitting the last layer

h(x) = W2σ(W1x) ≈ cw3h⋆(x)



Takeaways



Takeaways
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Do we need narrowing of networks? No, consider:


             f ⋆(x) = g⋆
a⋆⊤

1 P2 (W⋆
1 x)

d
, ⋯,

a⋆⊤

m P2 (W⋆
mx)

d
, x ∈ ℝd, m = 𝒪(d)

Takeaways

“approximately independent”  features in  space𝒪(d) 𝒪(d2)
{

Hierarchical functions with robustness w.r.t intermediate features 
allow exploitation of depth through dimension reduction 



Thanks to my collaborators!


