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Classical random matrix models

Data matrix:
<latexit sha1_base64="WUYAFwGF5v0GdhgETAH3umt0nYs="></latexit>

X =




| | |
x1 x2 . . . xn

| | |





<latexit sha1_base64="V+rUwgqgU9voJqaloMntyqFG02Y=">AAACEHicdVDJSgNBEO2JW4xb1KOXxiB6GmbMYoKXgBePEcwCSQg9nUrSpKdn6O4RwjCf4MVf8eJBEa8evfk3dhbBiD4oeLxXRVU9L+RMacf5tFIrq2vrG+nNzNb2zu5edv+goYJIUqjTgAey5REFnAmoa6Y5tEIJxPc4NL3x1dRv3oFULBC3ehJC1ydDwQaMEm2kXva0E4k+SE8SCnEnHBGhAz8mS0iSOOllc45dKuWL+SJ27LJbrLgFQ4qVvJGwazsz5NACtV72o9MPaOSD0JQTpdquE+puTKRmlEOS6UQKQkLHZAhtQwXxQXXj2UMJPjFKHw8CaUpoPFN/TsTEV2rie6bTJ3qkfntT8S+vHelBuRszEUYaBJ0vGkQc6wBP08F9JoFqPjGEUMnMrZiOiAlHmwwzJoTvT/H/pHFuuyW7dFPIVS8XcaTRETpGZ8hFF6iKrlEN1RFF9+gRPaMX68F6sl6tt3lrylrMHKIlWO9fFYaeiQ==</latexit>︸ ︷︷ ︸ <latexit sha1_base64="gcSSzjbfytVeDfcPSE1c1exOoVE=">AAACCXicdVDLSgNBEJyNrxhfUY9eBoPgadk12ZjgJeDFYwTzgCSE2UknGTI7u8zMCmHZqxd/xYsHRbz6B978GycPQUULGoqqbrq7/IgzpR3nw8qsrK6tb2Q3c1vbO7t7+f2DpgpjSaFBQx7Ktk8UcCagoZnm0I4kkMDn0PInlzO/dQtSsVDc6GkEvYCMBBsySrSR+nncjcUApC8JhaQbjYnQYZCQBdI0Sfv5gmOXy0Wv6GHHrrhe1S0Z4lWLRsKu7cxRQEvU+/n37iCkcQBCU06U6rhOpHsJkZpRDmmuGyuICJ2QEXQMFSQA1Uvmn6T4xCgDPAylKaHxXP0+kZBAqWngm86A6LH67c3Ev7xOrIeVXsJEFGsQdLFoGHOsQzyLBQ+YBKr51BBCJTO3YjomJhVtwsuZEL4+xf+T5pntlu3ydalQu1jGkUVH6BidIhedoxq6QnXUQBTdoQf0hJ6te+vRerFeF60ZazlziH7AevsEqL2bnA==</latexit>

︸
︷︷

︸

<latexit sha1_base64="JrAJEQr2rJCTty4hzIDaxD9pygM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFbwUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5YCYJ+hEdSh5yRo2VGrJfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/2IiM9g==</latexit>n

<latexit sha1_base64="J5Ao/nzfHj/2YzKMRa5gFh7LYmo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFbwUvHhswX5AG8pmM2nXbjZhdyOU0l/gxYMiXv1J3vw3btsctPXBwOO9GWbmBang2rjut7O2vrG5tV3YKe7u7R8clo6OWzrJFMMmS0SiOgHVKLjEpuFGYCdVSONAYDsY3c389hMqzRP5YMYp+jEdSB5xRo2VGmG/VHYr7hxklXg5KUOOer/01QsTlsUoDRNU667npsafUGU4Ezgt9jKNKWUjOsCupZLGqP3J/NApObdKSKJE2ZKGzNXfExMaaz2OA9sZUzPUy95M/M/rZia68SdcpplByRaLokwQk5DZ1yTkCpkRY0soU9zeStiQKsqMzaZoQ/CWX14lrcuKV61UG1fl2m0eRwFO4QwuwINrqME91KEJDBCe4RXenEfnxXl3Phata04+cwJ/4Hz+AMlgjOw=</latexit>

d

<latexit sha1_base64="Py9W0iUzUNy+h5ag1EIoC0kPCLU=">AAACGXicbVDLSgMxFM34tr6qLt0Ei6AgZUakCm4ENy4rWBU6ZchkbjWYSYbkjrQM8xtu/BU3LhRxqSv/xvSx8HUgcDjnXG7uiTMpLPr+pzcxOTU9Mzs3X1lYXFpeqa6uXVidGw4trqU2VzGzIIWCFgqUcJUZYGks4TK+PRn4l3dgrNDqHPsZdFJ2rURXcIZOiqp+Lwp2aSgTjXaX9iJFQz3IAxYhQg8LIZKyLEIr0pJm272dqFrz6/4Q9C8JxqRGxmhG1fcw0TxPQSGXzNp24GfYKZhBwSWUlTC3kDF+y66h7ahiKdhOMbyspFtOSWhXG/cU0qH6faJgqbX9NHbJlOGN/e0NxP+8do7dw04hVJYjKD5a1M0lRU0HNdFEGOAo+44wboT7K+U3zDCOrpyKKyH4ffJfcrFXDxr1xtl+7fhoXMcc2SCbZJsE5IAck1PSJC3CyT15JM/kxXvwnrxX720UnfDGM+vkB7yPL6DCoLc=</latexit>

x1, . . . , xn
iid→ p(x)Centered random vectors
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d

<latexit sha1_base64="Py9W0iUzUNy+h5ag1EIoC0kPCLU=">AAACGXicbVDLSgMxFM34tr6qLt0Ei6AgZUakCm4ENy4rWBU6ZchkbjWYSYbkjrQM8xtu/BU3LhRxqSv/xvSx8HUgcDjnXG7uiTMpLPr+pzcxOTU9Mzs3X1lYXFpeqa6uXVidGw4trqU2VzGzIIWCFgqUcJUZYGks4TK+PRn4l3dgrNDqHPsZdFJ2rURXcIZOiqp+Lwp2aSgTjXaX9iJFQz3IAxYhQg8LIZKyLEIr0pJm272dqFrz6/4Q9C8JxqRGxmhG1fcw0TxPQSGXzNp24GfYKZhBwSWUlTC3kDF+y66h7ahiKdhOMbyspFtOSWhXG/cU0qH6faJgqbX9NHbJlOGN/e0NxP+8do7dw04hVJYjKD5a1M0lRU0HNdFEGOAo+44wboT7K+U3zDCOrpyKKyH4ffJfcrFXDxr1xtl+7fhoXMcc2SCbZJsE5IAck1PSJC3CyT15JM/kxXvwnrxX720UnfDGM+vkB7yPL6DCoLc=</latexit>

x1, . . . , xn
iid→ p(x)

Sample covariance:                        (or the Gram matrix                       )
<latexit sha1_base64="T95Cj+JKHeAXf1L+z49y+BS7JgU=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqYIIBRE8VrAf0F1LNs22odlNSLJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvFBypo3rfjuFldW19Y3iZmlre2d3r7x/0NIiVYQ2ieBCdUKsKWcJbRpmOO1IRXEcctoORzdTv/1ElWYieTBjSYMYDxIWMYKNlfxbdI06j74REnV65YpbdWdAy8TLSQVyNHrlL78vSBrTxBCOte56rjRBhpVhhNNJyU81lZiM8IB2LU1wTHWQzW6eoBOr9FEklK3EoJn6eyLDsdbjOLSdMTZDvehNxf+8bmqiyyBjiUwNTch8UZRyZASaBoD6TFFi+NgSTBSztyIyxAoTY2Mq2RC8xZeXSeus6tWqtfvzSv0qj6MIR3AMp+DBBdThDhrQBAISnuEV3pzUeXHenY95a8HJZw7hD5zPH1dQkJU=</latexit>

E = X→X
<latexit sha1_base64="dQhQNaYzSBqd/hO827BXLLRwLCY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKVEGEgpceK9gP6K4lm2bb0Gw2JLNCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvFAJbsB1v53C2vrG5lZxu7Szu7d/UD48apsk1ZS1aCIS3Q2JYYJL1gIOgnWVZiQOBeuE47uZ33li2vBEPsBEsSAmQ8kjTglYyW/gW9zF3UcfEtUvV9yqOwdeJV5OKihHs1/+8gcJTWMmgQpiTM9zFQQZ0cCpYNOSnxqmCB2TIetZKknMTJDNb57iM6sMcJRoWxLwXP09kZHYmEkc2s6YwMgsezPxP6+XQnQdZFyqFJiki0VRKjAkeBYAHnDNKIiJJYRqbm/FdEQ0oWBjKtkQvOWXV0n7ourVqrX7y0r9Jo+jiE7QKTpHHrpCddRATdRCFCn0jF7Rm5M6L86787FoLTj5zDH6A+fzB1o7kJg=</latexit>

H = XX
→

<latexit sha1_base64="ebmmW8os5Pz+rtkonA0fi3aEiwc=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEF1IS8bVwUXDjsoJ9QBPKZDJph04mYWYixNAvceNCEbd+ijv/xmmbhbYeuHA4517uvcdPOFPatr+t0srq2vpGebOytb2zW63t7XdUnEpC2yTmsez5WFHOBG1rpjntJZLiyOe0649vp373kUrFYvGgs4R6ER4KFjKCtZEGtWpwigRydYxcJkKdDWp1u2HPgJaJU5A6FGgNal9uEJM0okITjpXqO3aivRxLzQink4qbKppgMsZD2jdU4IgqL58dPkHHRglQGEtTQqOZ+nsix5FSWeSbzgjrkVr0puJ/Xj/V4bWXM5GkmgoyXxSmHJk/pymggElKNM8MwUQycysiIywx0SarignBWXx5mXTOGs5l4+L+vN68KeIowyEcwQk4cAVNuIMWtIFACs/wCm/Wk/VivVsf89aSVcwcwB9Ynz+YHZJo</latexit>

d, n ! 1
Spectrum of 

<latexit sha1_base64="gt1H7rktNh/Ab3Fjg8MVPlic6tY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRMFLwEuOCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5jc2t7Z38bmFv/+DwqHh80tJRohg2WSQi1QmoRsElNg03AjuxQhoGAtvB5H7ut59QaR7JBzON0Q/pSPIhZ9RYqVHrF0tu2V2ArBMvIyXIUO8Xv3qDiCUhSsME1brrubHxU6oMZwJnhV6iMaZsQkfYtVTSELWfLg6dkQurDMgwUrakIQv190RKQ62nYWA7Q2rGetWbi/953cQMb/2UyzgxKNly0TARxERk/jUZcIXMiKkllClubyVsTBVlxmZTsCF4qy+vk9ZV2auUK43rUvUuiyMPZ3AOl+DBDVShBnVoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH57wjNA=</latexit>

H Marchenko-Pastur law
<latexit sha1_base64="5l7fk/5P5s1E9cng41M56xJOGLs=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKe6KRMFLwIvHCOYB2TX0TmaTIbOzy8ysEkL+w4sHRbz6L978GyePgyYWNBRV3XR3hang2rjut5NbWV1b38hvFra2d3b3ivsHDZ1kirI6TUSiWiFqJrhkdcONYK1UMYxDwZrh4GbiNx+Z0jyR92aYsiDGnuQRp2is9CDPusQ3CfFRpH3sFEtu2Z2CLBNvTkowR61T/PK7Cc1iJg0VqHXbc1MTjFAZTgUbF/xMsxTpAHusbanEmOlgNL16TE6s0iVRomxJQ6bq74kRxloP49B2xmj6etGbiP957cxEV8GIyzQzTNLZoigTxP45iYB0uWLUiKElSBW3txLaR4XU2KAKNgRv8eVl0jgve5Vy5e6iVL2ex5GHIziGU/DgEqpwCzWoAwUFz/AKb86T8+K8Ox+z1pwznzmEP3A+fwCW5pHs</latexit>

n/d → ω

[Marchenko & Pastur ’67], [Silverstein & Bai, ’95], [Erdos et al., ’12]

Centered random vectors
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This lecture: Nonlinear random matrix ensembles

<latexit sha1_base64="4RDKKu5OfqGVKb7KLW+Q97loVf4="></latexit>

�(·) : elementwise nonlinear function

Kernel method:

<latexit sha1_base64="gsx9504GA/jzYhtR9guTrmugh+g=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoC0tSpAoiFNwIbirYBzQxTKaTdtrJg5mJtIT8ght/xY0LRdy6c+ffOG2z0NYDF86ccy9z73EjRoU0jG8tt7S8srqWXy9sbG5t7+i7e00RxhyTBg5ZyNsuEoTRgDQklYy0I06Q7zLScodXE7/1QLigYXAnxxGxfdQLqEcxkkpy9NKNk9BBCi+hJWjPRyWrSbhMRg6FJ3DkDNLp+75y7OhFo2xMAReJmZEiyFB39C+rG+LYJ4HEDAnRMY1I2gnikmJG0oIVCxIhPEQ90lE0QD4RdjK9KIVHSulCL+SqAgmn6u+JBPlCjH1XdfpI9sW8NxH/8zqx9M7thAZRLEmAZx95MYMyhJN4YJdygiUbK4Iwp2pXiPuIIyxViAUVgjl/8iJpVspmtVy9PS3WLrI48uAAHIISMMEZqIFrUAcNgMEjeAav4E170l60d+1j1prTspl98Afa5w/ROZxf</latexit>

Kij = ω(→xi ↑ xj→2)
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This lecture: Nonlinear random matrix ensembles

<latexit sha1_base64="4RDKKu5OfqGVKb7KLW+Q97loVf4="></latexit>

�(·) : elementwise nonlinear function

Kernel method:

<latexit sha1_base64="gsx9504GA/jzYhtR9guTrmugh+g=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoC0tSpAoiFNwIbirYBzQxTKaTdtrJg5mJtIT8ght/xY0LRdy6c+ffOG2z0NYDF86ccy9z73EjRoU0jG8tt7S8srqWXy9sbG5t7+i7e00RxhyTBg5ZyNsuEoTRgDQklYy0I06Q7zLScodXE7/1QLigYXAnxxGxfdQLqEcxkkpy9NKNk9BBCi+hJWjPRyWrSbhMRg6FJ3DkDNLp+75y7OhFo2xMAReJmZEiyFB39C+rG+LYJ4HEDAnRMY1I2gnikmJG0oIVCxIhPEQ90lE0QD4RdjK9KIVHSulCL+SqAgmn6u+JBPlCjH1XdfpI9sW8NxH/8zqx9M7thAZRLEmAZx95MYMyhJN4YJdygiUbK4Iwp2pXiPuIIyxViAUVgjl/8iJpVspmtVy9PS3WLrI48uAAHIISMMEZqIFrUAcNgMEjeAav4E170l60d+1j1prTspl98Afa5w/ROZxf</latexit>

Kij = ω(→xi ↑ xj→2)

Multilayer neural networks:

<latexit sha1_base64="dR44eF4R4scc5APtCKIMvGFnNWI="></latexit>

ω(W3ω(W2ω(W1X)))
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<latexit sha1_base64="4RDKKu5OfqGVKb7KLW+Q97loVf4="></latexit>

�(·) : elementwise nonlinear function

Kernel method:
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Kij = ω(→xi ↑ xj→2)

Attention and Transformers:

<latexit sha1_base64="HEzsRiqiFRIeiEqkq0/5W8wtxIU=">AAACBXicbVA9SwNBEN3zM8avU0stFoMQm3AnEgWbgI1lRJMcJDHsbfaSJXu3x+6cGI40Nv4VGwtFbP0Pdv4bN5cUmvhg4PHeDDPz/FhwDY7zbS0sLi2vrObW8usbm1vb9s5uXctEUVajUkjl+UQzwSNWAw6CebFiJPQFa/iDy7HfuGdKcxndwjBm7ZD0Ih5wSsBIHfugFRLo6yC9kQGE5GFU9O5aIGPcwN5xxy44JScDnifulBTQFNWO/dXqSpqELAIqiNZN14mhnRIFnAo2yrcSzWJCB6THmoZGJGS6nWZfjPCRUbo4kMpUBDhTf0+kJNR6GPqmM7t51huL/3nNBILzdsqjOAEW0cmiIBEYJB5HgrtcMQpiaAihiptbMe0TRSiY4PImBHf25XlSPym55VL5+rRQuZjGkUP76BAVkYvOUAVdoSqqIYoe0TN6RW/Wk/VivVsfk9YFazqzh/7A+vwB4OSYJQ==</latexit>

Softmax(X→WX)

Multilayer neural networks:

<latexit sha1_base64="dR44eF4R4scc5APtCKIMvGFnNWI="></latexit>

ω(W3ω(W2ω(W1X)))
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This lecture: Nonlinear random matrix ensembles

<latexit sha1_base64="4RDKKu5OfqGVKb7KLW+Q97loVf4="></latexit>

�(·) : elementwise nonlinear function

Kernel method:

<latexit sha1_base64="gsx9504GA/jzYhtR9guTrmugh+g=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoC0tSpAoiFNwIbirYBzQxTKaTdtrJg5mJtIT8ght/xY0LRdy6c+ffOG2z0NYDF86ccy9z73EjRoU0jG8tt7S8srqWXy9sbG5t7+i7e00RxhyTBg5ZyNsuEoTRgDQklYy0I06Q7zLScodXE7/1QLigYXAnxxGxfdQLqEcxkkpy9NKNk9BBCi+hJWjPRyWrSbhMRg6FJ3DkDNLp+75y7OhFo2xMAReJmZEiyFB39C+rG+LYJ4HEDAnRMY1I2gnikmJG0oIVCxIhPEQ90lE0QD4RdjK9KIVHSulCL+SqAgmn6u+JBPlCjH1XdfpI9sW8NxH/8zqx9M7thAZRLEmAZx95MYMyhJN4YJdygiUbK4Iwp2pXiPuIIyxViAUVgjl/8iJpVspmtVy9PS3WLrI48uAAHIISMMEZqIFrUAcNgMEjeAav4E170l60d+1j1prTspl98Afa5w/ROZxf</latexit>

Kij = ω(→xi ↑ xj→2)

Attention and Transformers:

<latexit sha1_base64="HEzsRiqiFRIeiEqkq0/5W8wtxIU=">AAACBXicbVA9SwNBEN3zM8avU0stFoMQm3AnEgWbgI1lRJMcJDHsbfaSJXu3x+6cGI40Nv4VGwtFbP0Pdv4bN5cUmvhg4PHeDDPz/FhwDY7zbS0sLi2vrObW8usbm1vb9s5uXctEUVajUkjl+UQzwSNWAw6CebFiJPQFa/iDy7HfuGdKcxndwjBm7ZD0Ih5wSsBIHfugFRLo6yC9kQGE5GFU9O5aIGPcwN5xxy44JScDnifulBTQFNWO/dXqSpqELAIqiNZN14mhnRIFnAo2yrcSzWJCB6THmoZGJGS6nWZfjPCRUbo4kMpUBDhTf0+kJNR6GPqmM7t51huL/3nNBILzdsqjOAEW0cmiIBEYJB5HgrtcMQpiaAihiptbMe0TRSiY4PImBHf25XlSPym55VL5+rRQuZjGkUP76BAVkYvOUAVdoSqqIYoe0TN6RW/Wk/VivVsfk9YFazqzh/7A+vwB4OSYJQ==</latexit>

Softmax(X→WX)

Shrinkage of covariance matrices 

Nonlinear matrix factorization 

…

Other applications:

Multilayer neural networks:

<latexit sha1_base64="dR44eF4R4scc5APtCKIMvGFnNWI="></latexit>

ω(W3ω(W2ω(W1X)))
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The simpler regime

Example: Inner product kernel matrix [El Karoui ’10]

<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="74Nqnn5LBhY/5xnaIU1PfDP0TyU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURqYIIBTddVrAPaGKZTCfttJNJmJkIJeQH3Pgrblwo4ta9O//GaZuFth64l8M59zJzjxcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG91M/NYDEZKG/E6NI+IGqM+pTzFSWuqaRzV4DUuDbkKH6Ynup3AIHUYgT7XevndUGMF21yxaZWsKuEjsjBRBhnrX/HJ6IY4DwhVmSMqObUXKTZBQFDOSFpxYkgjhEeqTjqYcBUS6yfSaFB5rpQf9UOjiCk7V3xsJCqQcB56eDJAayHlvIv7ndWLlX7oJ5VGsCMezh/yYQRXCSTSwRwXBio01QVhQ/VeIB0ggrHSABR2CPX/yImmele1KuXJ7XqxeZXHkwQE4BCVggwtQBTVQBw2AwSN4Bq/gzXgyXox342M2mjOynX3wB8bnD6fmmWo=</latexit>

H = (hij)i,j→n = X
↑
X

Standard random matrix scaling:                                  for 
<latexit sha1_base64="HLWwYUnxbN1uRTnDeJ8Wi9OFXZs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0Wom5qIVEGEght3VrAPaEKYTKft2MkkzkyEErJ246+4caGIW7/AnX/jpM1CqwcuHM65l3vv8SNGpbKsL6MwN7+wuFRcLq2srq1vmJtbLRnGApMmDlkoOj6ShFFOmooqRjqRICjwGWn7o4vMb98TIWnIb9Q4Im6ABpz2KUZKS565O/QSepvCc+gESA0xYslV6kUV+9CRd0JBfuCZZatqTQD/EjsnZZCj4ZmfTi/EcUC4wgxJ2bWtSLkJEopiRtKSE0sSITxCA9LVlKOASDeZvJLCfa30YD8UuriCE/XnRIICKceBrzuze+Wsl4n/ed1Y9U/dhPIoVoTj6aJ+zKAKYZYL7FFBsGJjTRAWVN8K8RAJhJVOr6RDsGdf/ktaR1W7Vq1dH5frZ3kcRbAD9kAF2OAE1MElaIAmwOABPIEX8Go8Gs/Gm/E+bS0Y+cw2+AXj4xvd4Jm5</latexit>

hij = Op(1/
→
n)

<latexit sha1_base64="ValFLPQVqW3YUCfhFPfvr8h67LA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRMFLwIvHCOYByRJmJ73JmNnZzcysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8aug4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDvzm0+oNI/lgxkn6Ee0L3nIGTVWanHSkTgij91iyS27c5BV4mWkBBlq3eJXpxezNEJpmKBatz03Mf6EKsOZwGmhk2pMKBvSPrYtlTRC7U/m907JmVV6JIyVLWnIXP09MaGR1uMosJ0RNQO97M3E/7x2asJrf8JlkhqUbLEoTAUxMZk9T3pcITNibAllittbCRtQRZmxERVsCN7yy6ukcVH2KuXK/WWpepPFkYcTOIVz8OAKqnAHNagDAwHP8Apvzsh5cd6dj0VrzslmjuEPnM8fVSGPgQ==</latexit>

i →= j
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The simpler regime

Example: Inner product kernel matrix [El Karoui ’10]

<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="74Nqnn5LBhY/5xnaIU1PfDP0TyU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURqYIIBTddVrAPaGKZTCfttJNJmJkIJeQH3Pgrblwo4ta9O//GaZuFth64l8M59zJzjxcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG91M/NYDEZKG/E6NI+IGqM+pTzFSWuqaRzV4DUuDbkKH6Ynup3AIHUYgT7XevndUGMF21yxaZWsKuEjsjBRBhnrX/HJ6IY4DwhVmSMqObUXKTZBQFDOSFpxYkgjhEeqTjqYcBUS6yfSaFB5rpQf9UOjiCk7V3xsJCqQcB56eDJAayHlvIv7ndWLlX7oJ5VGsCMezh/yYQRXCSTSwRwXBio01QVhQ/VeIB0ggrHSABR2CPX/yImmele1KuXJ7XqxeZXHkwQE4BCVggwtQBTVQBw2AwSN4Bq/gzXgyXox342M2mjOynX3wB8bnD6fmmWo=</latexit>

H = (hij)i,j→n = X
↑
X

Standard random matrix scaling:                                  for 
<latexit sha1_base64="HLWwYUnxbN1uRTnDeJ8Wi9OFXZs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0Wom5qIVEGEght3VrAPaEKYTKft2MkkzkyEErJ246+4caGIW7/AnX/jpM1CqwcuHM65l3vv8SNGpbKsL6MwN7+wuFRcLq2srq1vmJtbLRnGApMmDlkoOj6ShFFOmooqRjqRICjwGWn7o4vMb98TIWnIb9Q4Im6ABpz2KUZKS565O/QSepvCc+gESA0xYslV6kUV+9CRd0JBfuCZZatqTQD/EjsnZZCj4ZmfTi/EcUC4wgxJ2bWtSLkJEopiRtKSE0sSITxCA9LVlKOASDeZvJLCfa30YD8UuriCE/XnRIICKceBrzuze+Wsl4n/ed1Y9U/dhPIoVoTj6aJ+zKAKYZYL7FFBsGJjTRAWVN8K8RAJhJVOr6RDsGdf/ktaR1W7Vq1dH5frZ3kcRbAD9kAF2OAE1MElaIAmwOABPIEX8Go8Gs/Gm/E+bS0Y+cw2+AXj4xvd4Jm5</latexit>

hij = Op(1/
→
n)

<latexit sha1_base64="ValFLPQVqW3YUCfhFPfvr8h67LA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRMFLwIvHCOYByRJmJ73JmNnZzcysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8aug4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDvzm0+oNI/lgxkn6Ee0L3nIGTVWanHSkTgij91iyS27c5BV4mWkBBlq3eJXpxezNEJpmKBatz03Mf6EKsOZwGmhk2pMKBvSPrYtlTRC7U/m907JmVV6JIyVLWnIXP09MaGR1uMosJ0RNQO97M3E/7x2asJrf8JlkhqUbLEoTAUxMZk9T3pcITNibAllittbCRtQRZmxERVsCN7yy6ukcVH2KuXK/WWpepPFkYcTOIVz8OAKqnAHNagDAwHP8Apvzsh5cd6dj0VrzslmjuEPnM8fVSGPgQ==</latexit>

i →= j

Taylor series expansion: 

<latexit sha1_base64="ISYlYMnxUuAB0+YJZ04pvMz58JI="></latexit>

Aij = ω(hij) = ω(0) + ω→(0)hij +
ω→→(0)

2
h2
ij +H.O.T.
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The simpler regime

Example: Inner product kernel matrix [El Karoui ’10]

<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="74Nqnn5LBhY/5xnaIU1PfDP0TyU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURqYIIBTddVrAPaGKZTCfttJNJmJkIJeQH3Pgrblwo4ta9O//GaZuFth64l8M59zJzjxcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG91M/NYDEZKG/E6NI+IGqM+pTzFSWuqaRzV4DUuDbkKH6Ynup3AIHUYgT7XevndUGMF21yxaZWsKuEjsjBRBhnrX/HJ6IY4DwhVmSMqObUXKTZBQFDOSFpxYkgjhEeqTjqYcBUS6yfSaFB5rpQf9UOjiCk7V3xsJCqQcB56eDJAayHlvIv7ndWLlX7oJ5VGsCMezh/yYQRXCSTSwRwXBio01QVhQ/VeIB0ggrHSABR2CPX/yImmele1KuXJ7XqxeZXHkwQE4BCVggwtQBTVQBw2AwSN4Bq/gzXgyXox342M2mjOynX3wB8bnD6fmmWo=</latexit>

H = (hij)i,j→n = X
↑
X

Standard random matrix scaling:                                  for 
<latexit sha1_base64="HLWwYUnxbN1uRTnDeJ8Wi9OFXZs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0Wom5qIVEGEght3VrAPaEKYTKft2MkkzkyEErJ246+4caGIW7/AnX/jpM1CqwcuHM65l3vv8SNGpbKsL6MwN7+wuFRcLq2srq1vmJtbLRnGApMmDlkoOj6ShFFOmooqRjqRICjwGWn7o4vMb98TIWnIb9Q4Im6ABpz2KUZKS565O/QSepvCc+gESA0xYslV6kUV+9CRd0JBfuCZZatqTQD/EjsnZZCj4ZmfTi/EcUC4wgxJ2bWtSLkJEopiRtKSE0sSITxCA9LVlKOASDeZvJLCfa30YD8UuriCE/XnRIICKceBrzuze+Wsl4n/ed1Y9U/dhPIoVoTj6aJ+zKAKYZYL7FFBsGJjTRAWVN8K8RAJhJVOr6RDsGdf/ktaR1W7Vq1dH5frZ3kcRbAD9kAF2OAE1MElaIAmwOABPIEX8Go8Gs/Gm/E+bS0Y+cw2+AXj4xvd4Jm5</latexit>

hij = Op(1/
→
n)

<latexit sha1_base64="ValFLPQVqW3YUCfhFPfvr8h67LA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRMFLwIvHCOYByRJmJ73JmNnZzcysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8aug4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDvzm0+oNI/lgxkn6Ee0L3nIGTVWanHSkTgij91iyS27c5BV4mWkBBlq3eJXpxezNEJpmKBatz03Mf6EKsOZwGmhk2pMKBvSPrYtlTRC7U/m907JmVV6JIyVLWnIXP09MaGR1uMosJ0RNQO97M3E/7x2asJrf8JlkhqUbLEoTAUxMZk9T3pcITNibAllittbCRtQRZmxERVsCN7yy6ukcVH2KuXK/WWpepPFkYcTOIVz8OAKqnAHNagDAwHP8Apvzsh5cd6dj0VrzslmjuEPnM8fVSGPgQ==</latexit>

i →= j

Taylor series expansion: 

<latexit sha1_base64="ISYlYMnxUuAB0+YJZ04pvMz58JI="></latexit>

Aij = ω(hij) = ω(0) + ω→(0)hij +
ω→→(0)

2
h2
ij +H.O.T.

negligible
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The simpler regime

Example: Inner product kernel matrix [El Karoui ’10]

<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="74Nqnn5LBhY/5xnaIU1PfDP0TyU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURqYIIBTddVrAPaGKZTCfttJNJmJkIJeQH3Pgrblwo4ta9O//GaZuFth64l8M59zJzjxcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG91M/NYDEZKG/E6NI+IGqM+pTzFSWuqaRzV4DUuDbkKH6Ynup3AIHUYgT7XevndUGMF21yxaZWsKuEjsjBRBhnrX/HJ6IY4DwhVmSMqObUXKTZBQFDOSFpxYkgjhEeqTjqYcBUS6yfSaFB5rpQf9UOjiCk7V3xsJCqQcB56eDJAayHlvIv7ndWLlX7oJ5VGsCMezh/yYQRXCSTSwRwXBio01QVhQ/VeIB0ggrHSABR2CPX/yImmele1KuXJ7XqxeZXHkwQE4BCVggwtQBTVQBw2AwSN4Bq/gzXgyXox342M2mjOynX3wB8bnD6fmmWo=</latexit>

H = (hij)i,j→n = X
↑
X

Standard random matrix scaling:                                  for 
<latexit sha1_base64="HLWwYUnxbN1uRTnDeJ8Wi9OFXZs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0Wom5qIVEGEght3VrAPaEKYTKft2MkkzkyEErJ246+4caGIW7/AnX/jpM1CqwcuHM65l3vv8SNGpbKsL6MwN7+wuFRcLq2srq1vmJtbLRnGApMmDlkoOj6ShFFOmooqRjqRICjwGWn7o4vMb98TIWnIb9Q4Im6ABpz2KUZKS565O/QSepvCc+gESA0xYslV6kUV+9CRd0JBfuCZZatqTQD/EjsnZZCj4ZmfTi/EcUC4wgxJ2bWtSLkJEopiRtKSE0sSITxCA9LVlKOASDeZvJLCfa30YD8UuriCE/XnRIICKceBrzuze+Wsl4n/ed1Y9U/dhPIoVoTj6aJ+zKAKYZYL7FFBsGJjTRAWVN8K8RAJhJVOr6RDsGdf/ktaR1W7Vq1dH5frZ3kcRbAD9kAF2OAE1MElaIAmwOABPIEX8Go8Gs/Gm/E+bS0Y+cw2+AXj4xvd4Jm5</latexit>

hij = Op(1/
→
n)

<latexit sha1_base64="ValFLPQVqW3YUCfhFPfvr8h67LA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRMFLwIvHCOYByRJmJ73JmNnZzcysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8aug4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDvzm0+oNI/lgxkn6Ee0L3nIGTVWanHSkTgij91iyS27c5BV4mWkBBlq3eJXpxezNEJpmKBatz03Mf6EKsOZwGmhk2pMKBvSPrYtlTRC7U/m907JmVV6JIyVLWnIXP09MaGR1uMosJ0RNQO97M3E/7x2asJrf8JlkhqUbLEoTAUxMZk9T3pcITNibAllittbCRtQRZmxERVsCN7yy6ukcVH2KuXK/WWpepPFkYcTOIVz8OAKqnAHNagDAwHP8Apvzsh5cd6dj0VrzslmjuEPnM8fVSGPgQ==</latexit>

i →= j

Taylor series expansion: 

<latexit sha1_base64="ISYlYMnxUuAB0+YJZ04pvMz58JI="></latexit>

Aij = ω(hij) = ω(0) + ω→(0)hij +
ω→→(0)

2
h2
ij +H.O.T.

negligible

This part (after centering) is 
also negligible. 
operator norm

<latexit sha1_base64="OvOZ0Bp5HhvmlhEEM71wX/N7tuo="></latexit>

= Op(d
→1/2)
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The simpler regime

Example: Inner product kernel matrix [El Karoui ’10]

<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="74Nqnn5LBhY/5xnaIU1PfDP0TyU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURqYIIBTddVrAPaGKZTCfttJNJmJkIJeQH3Pgrblwo4ta9O//GaZuFth64l8M59zJzjxcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG91M/NYDEZKG/E6NI+IGqM+pTzFSWuqaRzV4DUuDbkKH6Ynup3AIHUYgT7XevndUGMF21yxaZWsKuEjsjBRBhnrX/HJ6IY4DwhVmSMqObUXKTZBQFDOSFpxYkgjhEeqTjqYcBUS6yfSaFB5rpQf9UOjiCk7V3xsJCqQcB56eDJAayHlvIv7ndWLlX7oJ5VGsCMezh/yYQRXCSTSwRwXBio01QVhQ/VeIB0ggrHSABR2CPX/yImmele1KuXJ7XqxeZXHkwQE4BCVggwtQBTVQBw2AwSN4Bq/gzXgyXox342M2mjOynX3wB8bnD6fmmWo=</latexit>

H = (hij)i,j→n = X
↑
X

Standard random matrix scaling:                                  for 
<latexit sha1_base64="HLWwYUnxbN1uRTnDeJ8Wi9OFXZs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0Wom5qIVEGEght3VrAPaEKYTKft2MkkzkyEErJ246+4caGIW7/AnX/jpM1CqwcuHM65l3vv8SNGpbKsL6MwN7+wuFRcLq2srq1vmJtbLRnGApMmDlkoOj6ShFFOmooqRjqRICjwGWn7o4vMb98TIWnIb9Q4Im6ABpz2KUZKS565O/QSepvCc+gESA0xYslV6kUV+9CRd0JBfuCZZatqTQD/EjsnZZCj4ZmfTi/EcUC4wgxJ2bWtSLkJEopiRtKSE0sSITxCA9LVlKOASDeZvJLCfa30YD8UuriCE/XnRIICKceBrzuze+Wsl4n/ed1Y9U/dhPIoVoTj6aJ+zKAKYZYL7FFBsGJjTRAWVN8K8RAJhJVOr6RDsGdf/ktaR1W7Vq1dH5frZ3kcRbAD9kAF2OAE1MElaIAmwOABPIEX8Go8Gs/Gm/E+bS0Y+cw2+AXj4xvd4Jm5</latexit>

hij = Op(1/
→
n)

<latexit sha1_base64="ValFLPQVqW3YUCfhFPfvr8h67LA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRMFLwIvHCOYByRJmJ73JmNnZzcysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8aug4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDvzm0+oNI/lgxkn6Ee0L3nIGTVWanHSkTgij91iyS27c5BV4mWkBBlq3eJXpxezNEJpmKBatz03Mf6EKsOZwGmhk2pMKBvSPrYtlTRC7U/m907JmVV6JIyVLWnIXP09MaGR1uMosJ0RNQO97M3E/7x2asJrf8JlkhqUbLEoTAUxMZk9T3pcITNibAllittbCRtQRZmxERVsCN7yy6ukcVH2KuXK/WWpepPFkYcTOIVz8OAKqnAHNagDAwHP8Apvzsh5cd6dj0VrzslmjuEPnM8fVSGPgQ==</latexit>

i →= j

Taylor series expansion: 

<latexit sha1_base64="ISYlYMnxUuAB0+YJZ04pvMz58JI="></latexit>

Aij = ω(hij) = ω(0) + ω→(0)hij +
ω→→(0)

2
h2
ij +H.O.T.

mean linear

negligible

This part (after centering) is 
also negligible. 
operator norm

<latexit sha1_base64="OvOZ0Bp5HhvmlhEEM71wX/N7tuo="></latexit>

= Op(d
→1/2)
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The more challenging regime

<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="s9TctwXVh8ZbKGV98+cvRkfaecs=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEamCCAU3XVawD2iHIZPetmkzmSHJCGWoG3/FjQtF3PoX7vwb08dCqwfu5XDOvST3BDFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29uooSSaFGIx7JZkAUcCagppnm0IwlkDDg0AiGNxO/cQ9SsUjc6VEMXkh6gnUZJdpIvn1Qwde40PdTNhifmH46wG0OWIx9O+8UnSnwX+LOSR7NUfXtz3YnokkIQlNOlGq5Tqy9lEjNKIdxrp0oiAkdkh60DBUkBOWl0wvG+NgoHdyNpCmh8VT9uZGSUKlRGJjJkOi+WvQm4n9eK9HdSy9lIk40CDp7qJtwrCM8iQN3mASq+cgQQiUzf8W0TySh2oSWMyG4iyf/JfWzolsqlm7P8+WreRxZdIiOUAG56AKVUQVVUQ1R9ICe0At6tR6tZ+vNep+NZqz5zj76BevjGzcRlXg=</latexit>

H = (hij)i,j→n
<latexit sha1_base64="nwV8MMa9Qtvzmh24vx44/8Ra514=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVMSkSqIUHDjzgr2AW0Ik+mkHTt5MDMRSghu/BU3LhRx61e482+ctF1o9cCFwzn3cu89XsyZVJb1ZRQWFpeWV4qrpbX1jc0tc3unJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6DL32/dUSBaFt2ocUyfAg5D5jGClJdfcG7opu8vQBeoFWA0J5ul15sYV+8g1y1bVmgD9JfaMlGGGhmt+9voRSQIaKsKxlF3bipWTYqEY4TQr9RJJY0xGeEC7moY4oNJJJy9k6FArfeRHQleo0ET9OZHiQMpx4OnO/E457+Xif143Uf6Zk7IwThQNyXSRn3CkIpTngfpMUKL4WBNMBNO3IjLEAhOlUyvpEOz5l/+S1nHVrlVrNyfl+vksjiLswwFUwIZTqMMVNKAJBB7gCV7g1Xg0no03433aWjBmM7vwC8bHNwFkloY=</latexit>

hij = Op(1)

Truly nonlinear case:
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<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="s9TctwXVh8ZbKGV98+cvRkfaecs=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEamCCAU3XVawD2iHIZPetmkzmSHJCGWoG3/FjQtF3PoX7vwb08dCqwfu5XDOvST3BDFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29uooSSaFGIx7JZkAUcCagppnm0IwlkDDg0AiGNxO/cQ9SsUjc6VEMXkh6gnUZJdpIvn1Qwde40PdTNhifmH46wG0OWIx9O+8UnSnwX+LOSR7NUfXtz3YnokkIQlNOlGq5Tqy9lEjNKIdxrp0oiAkdkh60DBUkBOWl0wvG+NgoHdyNpCmh8VT9uZGSUKlRGJjJkOi+WvQm4n9eK9HdSy9lIk40CDp7qJtwrCM8iQN3mASq+cgQQiUzf8W0TySh2oSWMyG4iyf/JfWzolsqlm7P8+WreRxZdIiOUAG56AKVUQVVUQ1R9ICe0At6tR6tZ+vNep+NZqz5zj76BevjGzcRlXg=</latexit>

H = (hij)i,j→n
<latexit sha1_base64="nwV8MMa9Qtvzmh24vx44/8Ra514=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVMSkSqIUHDjzgr2AW0Ik+mkHTt5MDMRSghu/BU3LhRx61e482+ctF1o9cCFwzn3cu89XsyZVJb1ZRQWFpeWV4qrpbX1jc0tc3unJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6DL32/dUSBaFt2ocUyfAg5D5jGClJdfcG7opu8vQBeoFWA0J5ul15sYV+8g1y1bVmgD9JfaMlGGGhmt+9voRSQIaKsKxlF3bipWTYqEY4TQr9RJJY0xGeEC7moY4oNJJJy9k6FArfeRHQleo0ET9OZHiQMpx4OnO/E457+Xif143Uf6Zk7IwThQNyXSRn3CkIpTngfpMUKL4WBNMBNO3IjLEAhOlUyvpEOz5l/+S1nHVrlVrNyfl+vksjiLswwFUwIZTqMMVNKAJBB7gCV7g1Xg0no03433aWjBmM7vwC8bHNwFkloY=</latexit>

hij = Op(1)

Truly nonlinear case:

First studied for kernel random matrices: [Cheng & Singer, ’13]
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<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="s9TctwXVh8ZbKGV98+cvRkfaecs=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEamCCAU3XVawD2iHIZPetmkzmSHJCGWoG3/FjQtF3PoX7vwb08dCqwfu5XDOvST3BDFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29uooSSaFGIx7JZkAUcCagppnm0IwlkDDg0AiGNxO/cQ9SsUjc6VEMXkh6gnUZJdpIvn1Qwde40PdTNhifmH46wG0OWIx9O+8UnSnwX+LOSR7NUfXtz3YnokkIQlNOlGq5Tqy9lEjNKIdxrp0oiAkdkh60DBUkBOWl0wvG+NgoHdyNpCmh8VT9uZGSUKlRGJjJkOi+WvQm4n9eK9HdSy9lIk40CDp7qJtwrCM8iQN3mASq+cgQQiUzf8W0TySh2oSWMyG4iyf/JfWzolsqlm7P8+WreRxZdIiOUAG56AKVUQVVUQ1R9ICe0At6tR6tZ+vNep+NZqz5zj76BevjGzcRlXg=</latexit>

H = (hij)i,j→n
<latexit sha1_base64="nwV8MMa9Qtvzmh24vx44/8Ra514=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVMSkSqIUHDjzgr2AW0Ik+mkHTt5MDMRSghu/BU3LhRx61e482+ctF1o9cCFwzn3cu89XsyZVJb1ZRQWFpeWV4qrpbX1jc0tc3unJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6DL32/dUSBaFt2ocUyfAg5D5jGClJdfcG7opu8vQBeoFWA0J5ul15sYV+8g1y1bVmgD9JfaMlGGGhmt+9voRSQIaKsKxlF3bipWTYqEY4TQr9RJJY0xGeEC7moY4oNJJJy9k6FArfeRHQleo0ET9OZHiQMpx4OnO/E457+Xif143Uf6Zk7IwThQNyXSRn3CkIpTngfpMUKL4WBNMBNO3IjLEAhOlUyvpEOz5l/+S1nHVrlVrNyfl+vksjiLswwFUwIZTqMMVNKAJBB7gCV7g1Xg0no03433aWjBmM7vwC8bHNwFkloY=</latexit>

hij = Op(1)

Truly nonlinear case:

First studied for kernel random matrices: [Cheng & Singer, ’13]

Random neural networks: [Pennington & Worah, ’17], [Louart et al., ’18], [Mei & 
Montanari, ’19], [Goldt et al. ’19], [Gerace et al. ’19], 
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<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="s9TctwXVh8ZbKGV98+cvRkfaecs=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEamCCAU3XVawD2iHIZPetmkzmSHJCGWoG3/FjQtF3PoX7vwb08dCqwfu5XDOvST3BDFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29uooSSaFGIx7JZkAUcCagppnm0IwlkDDg0AiGNxO/cQ9SsUjc6VEMXkh6gnUZJdpIvn1Qwde40PdTNhifmH46wG0OWIx9O+8UnSnwX+LOSR7NUfXtz3YnokkIQlNOlGq5Tqy9lEjNKIdxrp0oiAkdkh60DBUkBOWl0wvG+NgoHdyNpCmh8VT9uZGSUKlRGJjJkOi+WvQm4n9eK9HdSy9lIk40CDp7qJtwrCM8iQN3mASq+cgQQiUzf8W0TySh2oSWMyG4iyf/JfWzolsqlm7P8+WreRxZdIiOUAG56AKVUQVVUQ1R9ICe0At6tR6tZ+vNep+NZqz5zj76BevjGzcRlXg=</latexit>

H = (hij)i,j→n
<latexit sha1_base64="nwV8MMa9Qtvzmh24vx44/8Ra514=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVMSkSqIUHDjzgr2AW0Ik+mkHTt5MDMRSghu/BU3LhRx61e482+ctF1o9cCFwzn3cu89XsyZVJb1ZRQWFpeWV4qrpbX1jc0tc3unJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6DL32/dUSBaFt2ocUyfAg5D5jGClJdfcG7opu8vQBeoFWA0J5ul15sYV+8g1y1bVmgD9JfaMlGGGhmt+9voRSQIaKsKxlF3bipWTYqEY4TQr9RJJY0xGeEC7moY4oNJJJy9k6FArfeRHQleo0ET9OZHiQMpx4OnO/E457+Xif143Uf6Zk7IwThQNyXSRn3CkIpTngfpMUKL4WBNMBNO3IjLEAhOlUyvpEOz5l/+S1nHVrlVrNyfl+vksjiLswwFUwIZTqMMVNKAJBB7gCV7g1Xg0no03433aWjBmM7vwC8bHNwFkloY=</latexit>

hij = Op(1)

Truly nonlinear case:

Equivalence principle:

Nonlinear model = Linear model + Noise

First studied for kernel random matrices: [Cheng & Singer, ’13]

Random neural networks: [Pennington & Worah, ’17], [Louart et al., ’18], [Mei & 
Montanari, ’19], [Goldt et al. ’19], [Gerace et al. ’19], 
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<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="s9TctwXVh8ZbKGV98+cvRkfaecs=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEamCCAU3XVawD2iHIZPetmkzmSHJCGWoG3/FjQtF3PoX7vwb08dCqwfu5XDOvST3BDFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29uooSSaFGIx7JZkAUcCagppnm0IwlkDDg0AiGNxO/cQ9SsUjc6VEMXkh6gnUZJdpIvn1Qwde40PdTNhifmH46wG0OWIx9O+8UnSnwX+LOSR7NUfXtz3YnokkIQlNOlGq5Tqy9lEjNKIdxrp0oiAkdkh60DBUkBOWl0wvG+NgoHdyNpCmh8VT9uZGSUKlRGJjJkOi+WvQm4n9eK9HdSy9lIk40CDp7qJtwrCM8iQN3mASq+cgQQiUzf8W0TySh2oSWMyG4iyf/JfWzolsqlm7P8+WreRxZdIiOUAG56AKVUQVVUQ1R9ICe0At6tR6tZ+vNep+NZqz5zj76BevjGzcRlXg=</latexit>

H = (hij)i,j→n
<latexit sha1_base64="nwV8MMa9Qtvzmh24vx44/8Ra514=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVMSkSqIUHDjzgr2AW0Ik+mkHTt5MDMRSghu/BU3LhRx61e482+ctF1o9cCFwzn3cu89XsyZVJb1ZRQWFpeWV4qrpbX1jc0tc3unJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6DL32/dUSBaFt2ocUyfAg5D5jGClJdfcG7opu8vQBeoFWA0J5ul15sYV+8g1y1bVmgD9JfaMlGGGhmt+9voRSQIaKsKxlF3bipWTYqEY4TQr9RJJY0xGeEC7moY4oNJJJy9k6FArfeRHQleo0ET9OZHiQMpx4OnO/E457+Xif143Uf6Zk7IwThQNyXSRn3CkIpTngfpMUKL4WBNMBNO3IjLEAhOlUyvpEOz5l/+S1nHVrlVrNyfl+vksjiLswwFUwIZTqMMVNKAJBB7gCV7g1Xg0no03433aWjBmM7vwC8bHNwFkloY=</latexit>

hij = Op(1)

Truly nonlinear case:

<latexit sha1_base64="KskwR0ukkrCGSbS1PcG2hRiJm+k=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIr4VCxY3LCrYNNLFMppN26EwmzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+YMKq043xbc/MLi0vLhZXi6tr6xqa9td1QIpWY1LFgQnohUoTRmNQ11Yx4iSSIh4w0w/71yG8+EKmoiO/0ICEBR92YRhQjbaS2vXsFL6GvaJejsge9e1+L5LBtl5yKMwacJW5OSiBHrW1/+R2BU05ijRlSquU6iQ4yJDXFjAyLfqpIgnAfdUnL0BhxooJsfP0QHhilAyMhTcUajtXfExniSg14aDo50j017Y3E/7xWqqPzIKNxkmoS48miKGVQCziKAnaoJFizgSEIS2puhbiHJMLaBFY0IbjTL8+SxlHFPa2c3B6Xqhd5HAWwB/ZBGbjgDFTBDaiBOsDgETyDV/BmPVkv1rv1MWmds/KZHfAH1ucPQHyT0A==</latexit>

A = �(XX>)

Nonlinear random matrix

Equivalence principle:

Nonlinear model = Linear model + Noise

First studied for kernel random matrices: [Cheng & Singer, ’13]

Random neural networks: [Pennington & Worah, ’17], [Louart et al., ’18], [Mei & 
Montanari, ’19], [Goldt et al. ’19], [Gerace et al. ’19], 



5

The more challenging regime

<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="s9TctwXVh8ZbKGV98+cvRkfaecs=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEamCCAU3XVawD2iHIZPetmkzmSHJCGWoG3/FjQtF3PoX7vwb08dCqwfu5XDOvST3BDFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29uooSSaFGIx7JZkAUcCagppnm0IwlkDDg0AiGNxO/cQ9SsUjc6VEMXkh6gnUZJdpIvn1Qwde40PdTNhifmH46wG0OWIx9O+8UnSnwX+LOSR7NUfXtz3YnokkIQlNOlGq5Tqy9lEjNKIdxrp0oiAkdkh60DBUkBOWl0wvG+NgoHdyNpCmh8VT9uZGSUKlRGJjJkOi+WvQm4n9eK9HdSy9lIk40CDp7qJtwrCM8iQN3mASq+cgQQiUzf8W0TySh2oSWMyG4iyf/JfWzolsqlm7P8+WreRxZdIiOUAG56AKVUQVVUQ1R9ICe0At6tR6tZ+vNep+NZqz5zj76BevjGzcRlXg=</latexit>

H = (hij)i,j→n
<latexit sha1_base64="nwV8MMa9Qtvzmh24vx44/8Ra514=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVMSkSqIUHDjzgr2AW0Ik+mkHTt5MDMRSghu/BU3LhRx61e482+ctF1o9cCFwzn3cu89XsyZVJb1ZRQWFpeWV4qrpbX1jc0tc3unJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6DL32/dUSBaFt2ocUyfAg5D5jGClJdfcG7opu8vQBeoFWA0J5ul15sYV+8g1y1bVmgD9JfaMlGGGhmt+9voRSQIaKsKxlF3bipWTYqEY4TQr9RJJY0xGeEC7moY4oNJJJy9k6FArfeRHQleo0ET9OZHiQMpx4OnO/E457+Xif143Uf6Zk7IwThQNyXSRn3CkIpTngfpMUKL4WBNMBNO3IjLEAhOlUyvpEOz5l/+S1nHVrlVrNyfl+vksjiLswwFUwIZTqMMVNKAJBB7gCV7g1Xg0no03433aWjBmM7vwC8bHNwFkloY=</latexit>

hij = Op(1)

Truly nonlinear case:

<latexit sha1_base64="KskwR0ukkrCGSbS1PcG2hRiJm+k=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIr4VCxY3LCrYNNLFMppN26EwmzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+YMKq043xbc/MLi0vLhZXi6tr6xqa9td1QIpWY1LFgQnohUoTRmNQ11Yx4iSSIh4w0w/71yG8+EKmoiO/0ICEBR92YRhQjbaS2vXsFL6GvaJejsge9e1+L5LBtl5yKMwacJW5OSiBHrW1/+R2BU05ijRlSquU6iQ4yJDXFjAyLfqpIgnAfdUnL0BhxooJsfP0QHhilAyMhTcUajtXfExniSg14aDo50j017Y3E/7xWqqPzIKNxkmoS48miKGVQCziKAnaoJFizgSEIS2puhbiHJMLaBFY0IbjTL8+SxlHFPa2c3B6Xqhd5HAWwB/ZBGbjgDFTBDaiBOsDgETyDV/BmPVkv1rv1MWmds/KZHfAH1ucPQHyT0A==</latexit>

A = �(XX>)

Nonlinear random matrix

Equivalence principle:

Nonlinear model = Linear model + Noise

<latexit sha1_base64="KiWzQNV/59v+6YVJnYCT3osZF3g=">AAACIXicbZDJSgNBEIZ7XGPcoh69FAZBEMJMcDsoiF48RjAazCRDT08nadKz0F0jhCGv4sVX8eJBkdzEl7GTzMHth4afr6roqt9PpNBo2x/WzOzc/MJiYam4vLK6tl7a2LzVcaoYr7NYxqrhU82liHgdBUreSBSnoS/5nd+/HNfvHrjSIo5ucJDwVki7kegIRtEgr3RyAWfghqlng+NlAbgoQq4hGML+BDvQgEbbxTjJQbXtUo1w75XKdsWeCP4aJzdlkqvmlUZuELM05BEySbVuOnaCrYwqFEzyYdFNNU8o69MubxobUbNHK5tcOIRdQwLoxMq8CGFCv09kNNR6EPqmM6TY079rY/hfrZli56SViShJkUds+lEnlYAxjOOCQCjOUA6MoUwJsyuwHlWUoQm1aEJwfp/819xWK85R5fD6oHx+msdRINtkh+wRhxyTc3JFaqROGHkkz+SVvFlP1ov1bo2mrTNWPrNFfsj6/AJA5aCF</latexit>

B = µ01d⇥d + µ1XX> + µ⇤
2Z

Linear model + (Gaussian) noise
<latexit sha1_base64="408DN73shqdST6Ex3oEHV5KMfqQ="></latexit>'

First studied for kernel random matrices: [Cheng & Singer, ’13]

Random neural networks: [Pennington & Worah, ’17], [Louart et al., ’18], [Mei & 
Montanari, ’19], [Goldt et al. ’19], [Gerace et al. ’19], 
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The more challenging regime

<latexit sha1_base64="XpQzQSIUYZYYcn2SDnJ9RI8yJe4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSBVEqHjpsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99vJrK1vbG5lt3M7u3v7B/nDo4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB+5jdHVGkWyUczjqkvcF+ykBFsrOTfoVvU0awvcLF63s0X3JI7B1olXkoKkKLWzX91ehFJBJWGcKx123Nj40+wMoxwOs11Ek1jTIa4T9uWSiyo9ifzo6fozCo9FEbKljRorv6emGCh9VgEtlNgM9DL3kz8z2snJrz2J0zGiaGSLBaFCUcmQrMEUI8pSgwfW4KJYvZWRAZYYWJsTjkbgrf88ippXJS8cqn8cFmo3KRxZOEETqEIHlxBBapQgzoQeIJneIU3Z+S8OO/Ox6I146Qzx/AHzucPuFiQxA==</latexit>

A = ω(H)
<latexit sha1_base64="s9TctwXVh8ZbKGV98+cvRkfaecs=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEamCCAU3XVawD2iHIZPetmkzmSHJCGWoG3/FjQtF3PoX7vwb08dCqwfu5XDOvST3BDFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29uooSSaFGIx7JZkAUcCagppnm0IwlkDDg0AiGNxO/cQ9SsUjc6VEMXkh6gnUZJdpIvn1Qwde40PdTNhifmH46wG0OWIx9O+8UnSnwX+LOSR7NUfXtz3YnokkIQlNOlGq5Tqy9lEjNKIdxrp0oiAkdkh60DBUkBOWl0wvG+NgoHdyNpCmh8VT9uZGSUKlRGJjJkOi+WvQm4n9eK9HdSy9lIk40CDp7qJtwrCM8iQN3mASq+cgQQiUzf8W0TySh2oSWMyG4iyf/JfWzolsqlm7P8+WreRxZdIiOUAG56AKVUQVVUQ1R9ICe0At6tR6tZ+vNep+NZqz5zj76BevjGzcRlXg=</latexit>

H = (hij)i,j→n
<latexit sha1_base64="nwV8MMa9Qtvzmh24vx44/8Ra514=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVMSkSqIUHDjzgr2AW0Ik+mkHTt5MDMRSghu/BU3LhRx61e482+ctF1o9cCFwzn3cu89XsyZVJb1ZRQWFpeWV4qrpbX1jc0tc3unJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6DL32/dUSBaFt2ocUyfAg5D5jGClJdfcG7opu8vQBeoFWA0J5ul15sYV+8g1y1bVmgD9JfaMlGGGhmt+9voRSQIaKsKxlF3bipWTYqEY4TQr9RJJY0xGeEC7moY4oNJJJy9k6FArfeRHQleo0ET9OZHiQMpx4OnO/E457+Xif143Uf6Zk7IwThQNyXSRn3CkIpTngfpMUKL4WBNMBNO3IjLEAhOlUyvpEOz5l/+S1nHVrlVrNyfl+vksjiLswwFUwIZTqMMVNKAJBB7gCV7g1Xg0no03433aWjBmM7vwC8bHNwFkloY=</latexit>

hij = Op(1)

Truly nonlinear case:

<latexit sha1_base64="KskwR0ukkrCGSbS1PcG2hRiJm+k=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIr4VCxY3LCrYNNLFMppN26EwmzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+YMKq043xbc/MLi0vLhZXi6tr6xqa9td1QIpWY1LFgQnohUoTRmNQ11Yx4iSSIh4w0w/71yG8+EKmoiO/0ICEBR92YRhQjbaS2vXsFL6GvaJejsge9e1+L5LBtl5yKMwacJW5OSiBHrW1/+R2BU05ijRlSquU6iQ4yJDXFjAyLfqpIgnAfdUnL0BhxooJsfP0QHhilAyMhTcUajtXfExniSg14aDo50j017Y3E/7xWqqPzIKNxkmoS48miKGVQCziKAnaoJFizgSEIS2puhbiHJMLaBFY0IbjTL8+SxlHFPa2c3B6Xqhd5HAWwB/ZBGbjgDFTBDaiBOsDgETyDV/BmPVkv1rv1MWmds/KZHfAH1ucPQHyT0A==</latexit>

A = �(XX>)

Nonlinear random matrix

Equivalence principle:

Nonlinear model = Linear model + Noise

<latexit sha1_base64="KiWzQNV/59v+6YVJnYCT3osZF3g=">AAACIXicbZDJSgNBEIZ7XGPcoh69FAZBEMJMcDsoiF48RjAazCRDT08nadKz0F0jhCGv4sVX8eJBkdzEl7GTzMHth4afr6roqt9PpNBo2x/WzOzc/MJiYam4vLK6tl7a2LzVcaoYr7NYxqrhU82liHgdBUreSBSnoS/5nd+/HNfvHrjSIo5ucJDwVki7kegIRtEgr3RyAWfghqlng+NlAbgoQq4hGML+BDvQgEbbxTjJQbXtUo1w75XKdsWeCP4aJzdlkqvmlUZuELM05BEySbVuOnaCrYwqFEzyYdFNNU8o69MubxobUbNHK5tcOIRdQwLoxMq8CGFCv09kNNR6EPqmM6TY079rY/hfrZli56SViShJkUds+lEnlYAxjOOCQCjOUA6MoUwJsyuwHlWUoQm1aEJwfp/819xWK85R5fD6oHx+msdRINtkh+wRhxyTc3JFaqROGHkkz+SVvFlP1ov1bo2mrTNWPrNFfsj6/AJA5aCF</latexit>

B = µ01d⇥d + µ1XX> + µ⇤
2Z

Linear model + (Gaussian) noise
<latexit sha1_base64="408DN73shqdST6Ex3oEHV5KMfqQ="></latexit>'

Independent 
“noise”

First studied for kernel random matrices: [Cheng & Singer, ’13]

Random neural networks: [Pennington & Worah, ’17], [Louart et al., ’18], [Mei & 
Montanari, ’19], [Goldt et al. ’19], [Gerace et al. ’19], 
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Illustration of the equivalence principle 

<latexit sha1_base64="HXUXhyYYMUMXcEJjikP/tjY4k5w=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiUgURKl48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5t3/kuvsU9IHJYaePOuW+XnaozB14lbk7KKEfDt796/ZimEZNABdG66zoJeBlRwKlg01Iv1SwhdEQGrGuoJBHTXja/fIrPjNLHYaxMScBz9fdERiKtJ1FgOiMCQ73szcT/vG4K4bWXcZmkwCRdLApTgSHGsxhwnytGQUwMIVRxcyumQ6IIBRNWyYTgLr+8SloXVbdWrT1elus3eRxFdIJOUQW56ArV0QNqoCaiaIye0St6szLrxXq3PhatBSufOUZ/YH3+ALbmkcQ=</latexit>

A1 = tanh(WX)
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This lecture

Part I Random matrices: kernel matrices, random features, and related models

Approximate rotational invariance of multilinear chaos
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This lecture

Part I Random matrices: kernel matrices, random features, and related models

Approximate rotational invariance of multilinear chaos

Part II Beyond spectral equivalence: empirical risk minimizati

Central limit theorems for Wiener chaos
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The staircase phenomenon in learning curves

Learning a function          defined on the 
hypersphere

<latexit sha1_base64="c72iYZQU/7E73jiBbTFj5JIU95g="></latexit>

f(x)
<latexit sha1_base64="qNmIv1FssbvNYrR3OHsYo4P+HFU="></latexit>

Sd→1

Training set: 
<latexit sha1_base64="QKYkMLVcdWKkfuJPra4Hw48wWLE="></latexit>{
xi, yi = f(xi)

}
1→i→n

Algorithm: kernel ridge regression 
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Training set: 
<latexit sha1_base64="QKYkMLVcdWKkfuJPra4Hw48wWLE="></latexit>{
xi, yi = f(xi)

}
1→i→n
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<latexit sha1_base64="8vTsxoCD+uYI4+1+cYa19fTk49Y="></latexit>

log n/ log d

<latexit sha1_base64="ioXN5EOWFW47/gHO67PS1lN9JX8="></latexit>

n/d
<latexit sha1_base64="GqMzColNNEYlO5VCbszW1XHm1J4="></latexit>

n/d2
<latexit sha1_base64="OWm34k3xoiopiK3NZZfH97RLPrM="></latexit>

n/d3

Test Error
Bias
Variance

[Ghorbani et al., ’20], [Xiao et al. ’22], 
[Hu, Lu & Misiakiewicz ’24], …
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The staircase phenomenon in learning curves

Learning a function          defined on the 
hypersphere
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Sd→1

Training set: 
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<latexit sha1_base64="8vTsxoCD+uYI4+1+cYa19fTk49Y="></latexit>

log n/ log d

<latexit sha1_base64="ioXN5EOWFW47/gHO67PS1lN9JX8="></latexit>

n/d
<latexit sha1_base64="GqMzColNNEYlO5VCbszW1XHm1J4="></latexit>

n/d2
<latexit sha1_base64="OWm34k3xoiopiK3NZZfH97RLPrM="></latexit>

n/d3

Test Error
Bias
Variance

[Ghorbani et al., ’20], [Xiao et al. ’22], 
[Hu, Lu & Misiakiewicz ’24], …

Nonlinear random matrices in 
polynomial scaling regimes:

<latexit sha1_base64="geG0blAntPa9VvibBe5/4yIQUFE="></latexit> n

dω
→ ω for 

<latexit sha1_base64="58urSX1VdZTpA1puzoz/2mcHadg="></latexit>

ω = 1, 2, ...
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Kernel matrices beyond linear scaling regimes
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Orthogonal polynomial expansion 

-3 -2 -1 0 1 2 3
-8

-6

-4

-2

0

2

4

6

8
Hermite polynomials: complete orthonormal basis

<latexit sha1_base64="h78DikzkCDykHs+sbVmrdqMK7Pw="></latexit>

h0(x) = 1

h1(x) = x

h2(x) =
x2 � 1p

2

h3(x) =
x3 � 3xp

6
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Orthogonal polynomial expansion 
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Hermite polynomials: complete orthonormal basis

<latexit sha1_base64="h78DikzkCDykHs+sbVmrdqMK7Pw="></latexit>

h0(x) = 1

h1(x) = x

h2(x) =
x2 � 1p

2

h3(x) =
x3 � 3xp

6

Decomposition:
<latexit sha1_base64="SRxCYRzbC8mpUiXykzQ5CDhna4Y="></latexit>

�(x) = µ0h0(x) + µ1h1(x) + µ2h2(x) + µ3h3(x) + . . .
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Inner product kernel random matrices
Given a collection of independent spherical vectors                                     : 

<latexit sha1_base64="xW1gKwMH6PMZvNpK13QabuOvP3I="></latexit>

Aij =

(
�(x>

i xj), i 6= j

0, i = j

<latexit sha1_base64="3qnJ3AnBRmhTWbxm/cDQH09FnYE="></latexit>

{x1, . . . ,xn} ⇢ Rd
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Inner product kernel random matrices
Given a collection of independent spherical vectors                                     : 

<latexit sha1_base64="xW1gKwMH6PMZvNpK13QabuOvP3I="></latexit>

Aij =

(
�(x>

i xj), i 6= j

0, i = j

<latexit sha1_base64="3qnJ3AnBRmhTWbxm/cDQH09FnYE="></latexit>

{x1, . . . ,xn} ⇢ Rd

<latexit sha1_base64="+RgGK4KrIC65hwkDIlogepVoG5U="></latexit>

A = µ0H0 + µ1H1 + µ2H2 + µ3H3 + . . .

where
<latexit sha1_base64="Kg1XqP11ysiOeBAktWDQtwDOwqU="></latexit>

(Hk)ij =

(
hk(x>

i xj), i 6= j

0, i = j

Decomposition:

<latexit sha1_base64="SRxCYRzbC8mpUiXykzQ5CDhna4Y="></latexit>

�(x) = µ0h0(x) + µ1h1(x) + µ2h2(x) + µ3h3(x) + . . .

and thus
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Kernel random matrix beyond the linear scaling regime

Equivalence phenomenon:                    for some              and             : 
<latexit sha1_base64="MVb25BTJUyIV8fYxX6iVFmYHr2U="></latexit>

n = ↵d`
<latexit sha1_base64="7qfFc5SBDWC8s2c1QyE65yEy5uc="></latexit>

↵ > 0
<latexit sha1_base64="vK217MIwP0qG9556I85C8NQymxw="></latexit>

` 2 N

<latexit sha1_base64="hEICqBEU/D0Y/ub1wK7/YJeVw7g="></latexit>

A = µ0H0 + . . .+ µ`�1H`�1 + µ`H` + µ`+1H`+1 + µ`+2H`+2 + . . .

[Lu and Yau, arXiv:2205.06308]
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Kernel random matrix beyond the linear scaling regime

Equivalence phenomenon:                    for some              and             : 
<latexit sha1_base64="MVb25BTJUyIV8fYxX6iVFmYHr2U="></latexit>

n = ↵d`
<latexit sha1_base64="7qfFc5SBDWC8s2c1QyE65yEy5uc="></latexit>

↵ > 0
<latexit sha1_base64="vK217MIwP0qG9556I85C8NQymxw="></latexit>

` 2 N

<latexit sha1_base64="hEICqBEU/D0Y/ub1wK7/YJeVw7g="></latexit>

A = µ0H0 + . . .+ µ`�1H`�1 + µ`H` + µ`+1H`+1 + µ`+2H`+2 + . . .

<latexit sha1_base64="AMFOdNbb+fnixUbCb1W4AQ3LNhc="></latexit>(
Low-rank components

[Lu and Yau, arXiv:2205.06308]
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Kernel random matrix beyond the linear scaling regime

Equivalence phenomenon:                    for some              and             : 
<latexit sha1_base64="MVb25BTJUyIV8fYxX6iVFmYHr2U="></latexit>

n = ↵d`
<latexit sha1_base64="7qfFc5SBDWC8s2c1QyE65yEy5uc="></latexit>

↵ > 0
<latexit sha1_base64="vK217MIwP0qG9556I85C8NQymxw="></latexit>

` 2 N

<latexit sha1_base64="hEICqBEU/D0Y/ub1wK7/YJeVw7g="></latexit>

A = µ0H0 + . . .+ µ`�1H`�1 + µ`H` + µ`+1H`+1 + µ`+2H`+2 + . . .

<latexit sha1_base64="AMFOdNbb+fnixUbCb1W4AQ3LNhc="></latexit>(
Low-rank components

[Lu and Yau, arXiv:2205.06308]

Marchenko-Pastur law
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Marchenko-Pastur law
Independent GOE matrices 
(noise)
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Kernel random matrix beyond the linear scaling regime

Equivalence phenomenon:                    for some              and             : 
<latexit sha1_base64="MVb25BTJUyIV8fYxX6iVFmYHr2U="></latexit>

n = ↵d`
<latexit sha1_base64="7qfFc5SBDWC8s2c1QyE65yEy5uc="></latexit>

↵ > 0
<latexit sha1_base64="vK217MIwP0qG9556I85C8NQymxw="></latexit>

` 2 N

<latexit sha1_base64="hEICqBEU/D0Y/ub1wK7/YJeVw7g="></latexit>

A = µ0H0 + . . .+ µ`�1H`�1 + µ`H` + µ`+1H`+1 + µ`+2H`+2 + . . .

<latexit sha1_base64="AMFOdNbb+fnixUbCb1W4AQ3LNhc="></latexit>(
Low-rank components

[Lu and Yau, arXiv:2205.06308]

Marchenko-Pastur law
Independent GOE matrices 
(noise)

Generalizes [Cheng & Singer, ’13], special case of            (linear scaling)
<latexit sha1_base64="Rb8JepAJP2uSZk+Z86ScGJ/oTZc="></latexit>

` = 1

Dubova, Lu, McKenna, Yau, arXiv:2310.18280 (universality)
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Related models
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Random feature regression beyond linear scalings

Input:
<latexit sha1_base64="squzSuCR4WqtYgoKV49RFrN67Hw="></latexit>

x → Rd
Output:

<latexit sha1_base64="Nyf74CmEKSvcVIvDCvbJd1Qi1rw="></latexit>

ŷ = →f, w↑

Feature: 
<latexit sha1_base64="Lgqsrp2RUuVgitOZKMFvLONLRo0="></latexit>

f = ω(W3ω(W2ω(W1x)))
<latexit sha1_base64="4RDKKu5OfqGVKb7KLW+Q97loVf4="></latexit>

�(·) : activation function

Hu, Lu & Misiakiewicz, arXiv:2403.08160

https://arxiv.org/abs/2403.08160
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In-context learning using linear attention

ICL learning curve ICL learning curve (ridgeless)

Lu, Letey, Zavatone-Veth, Maiti & Pehlevan, 
“Asymptotic theory of in-context learning by linear attention,” 
Proceedings of the National Academy of Sciences (PNAS), 2025.  
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Other related models

Hadamard product of independent sample covariance matrices

<latexit sha1_base64="zgsYJKjEcJtYBeorYlu0dmmJ9mA=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAYhacKdSBRsAjaWEcwXuRj29vaSJXu3x+6cEEIKG/+KjYUitv4IO/+Nm+QKTXww8Hhvhpl5Xiy4Btv+tjJr6xubW9nt3M7u3v5B/vCoqWWiKGtQKaRqe0QzwSPWAA6CtWPFSOgJ1vJG1zO/9cCU5jK6g3HMeiEZRDzglICR+vlCqX3vgoxxu4xd6UvApc5C6JT7+aJdsefAq8RJSRGlqPfzX64vaRKyCKggWncdO4behCjgVLBpzk00iwkdkQHrGhqRkOneZP7EFJ8axceBVKYiwHP198SEhFqPQ890hgSGetmbif953QSCy96ER3ECLKKLRUEiMEg8SwT7XDEKYmwIoYqbWzEdEkUomNxyJgRn+eVV0jyrONVK9fa8WLtK48iiAjpBJeSgC1RDN6iOGoiiR/SMXtGb9WS9WO/Wx6I1Y6Uzx+gPrM8fCh6WbQ==</latexit>

(X→X)→ (Y →Y )



<latexit sha1_base64="DiCfI48Grr+YZQak09BCJTrH4Mw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgWcLsZDYZM491ZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWjm6nfeqLaMCXv7TihocADyWJGsHVSs2uYoI+9Utmv+DOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNKUK1U7y7Ktes8jgIcwwmcQQCXUINbqEMDCDzAM7zCm6e8F+/d+5i3rnj5zBH8gff5A7MSjzU=</latexit>→ Marchenko-Pastur Law

[Assaly and Benigni ’25]
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Other related models

Hadamard product of independent sample covariance matrices
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(X→X)→ (Y →Y )

NTK kernel matrices

<latexit sha1_base64="7fvbL8rjTPYZM2b9b21/oZRK734="></latexit>

K = (X→X)→
[
ω↑(X→W→)diag(a1, . . . , ap)ω

↑(WX)
]
+ ω(X→W→)ω(WX)

[Benigni and Paquette ’25]
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This lecture

Part I Random matrices: kernel matrices, random features, and related models

Approximate rotational invariance of polynomial chaos

Part II Beyond spectral equivalence: empirical risk minimization 

Central limit theorems for Wiener chaos
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This lecture

Part I Random matrices: kernel matrices, random features, and related models

Approximate rotati

Part II Beyond spectral equivalence: empirical risk minimization 

Central limit theorems for Wiener chaos
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Multilayer perceptrons

Input:
<latexit sha1_base64="squzSuCR4WqtYgoKV49RFrN67Hw="></latexit>

x → Rd

Feature: 

Output:
<latexit sha1_base64="Nyf74CmEKSvcVIvDCvbJd1Qi1rw="></latexit>

ŷ = →f, w↑

<latexit sha1_base64="Lgqsrp2RUuVgitOZKMFvLONLRo0="></latexit>

f = ω(W3ω(W2ω(W1x)))
<latexit sha1_base64="4RDKKu5OfqGVKb7KLW+Q97loVf4="></latexit>

�(·) : activation function
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Multilayer perceptrons

Input:
<latexit sha1_base64="squzSuCR4WqtYgoKV49RFrN67Hw="></latexit>

x → Rd

Feature: 

Output:
<latexit sha1_base64="Nyf74CmEKSvcVIvDCvbJd1Qi1rw="></latexit>

ŷ = →f, w↑

<latexit sha1_base64="Lgqsrp2RUuVgitOZKMFvLONLRo0="></latexit>

f = ω(W3ω(W2ω(W1x)))
<latexit sha1_base64="4RDKKu5OfqGVKb7KLW+Q97loVf4="></latexit>

�(·) : activation function

Given training data                           , learning matrices                         and vector 
<latexit sha1_base64="vRQpVlVzPHvpfO22N5Q+CQqY0uI="></latexit>

{xi, yi}1→i→n

<latexit sha1_base64="1MP2n/p6Kih23C7y08gC057Mb1I="></latexit>

min
W1,W2,W3,w

∑
i→n ω(ŷi, yi)

<latexit sha1_base64="HCQqjO8zshSAqsEw3JJwMc6/JSs="></latexit>

W1,W2,W3
<latexit sha1_base64="by3yTBkJLZDmS539mPS3N/wyEOc="></latexit>w
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The random feature model

Random feature model: [Rahimi & Recht, ’08]

                       : weight matrices are randomly initialized and then “frozen”

Input:
<latexit sha1_base64="squzSuCR4WqtYgoKV49RFrN67Hw="></latexit>

x → Rd

Feature: 

Output:
<latexit sha1_base64="Nyf74CmEKSvcVIvDCvbJd1Qi1rw="></latexit>

ŷ = →f, w↑

<latexit sha1_base64="Lgqsrp2RUuVgitOZKMFvLONLRo0="></latexit>

f = ω(W3ω(W2ω(W1x)))
<latexit sha1_base64="4RDKKu5OfqGVKb7KLW+Q97loVf4="></latexit>

�(·) : activation function

<latexit sha1_base64="HCQqjO8zshSAqsEw3JJwMc6/JSs="></latexit>

W1,W2,W3
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The random feature model

Random feature model: [Rahimi & Recht, ’08]

                       : weight matrices are randomly initialized and then “frozen”

Only learn the weight vector in the last layer:
<latexit sha1_base64="AKVYAu/zsfZ2dTy1yawcH9qHaRs="></latexit>

argmin
w

∑
i→n ω(w

↑ε(W3ε(W2ε(W1xi))); yi)

Input:
<latexit sha1_base64="squzSuCR4WqtYgoKV49RFrN67Hw="></latexit>

x → Rd

Feature: 

Output:
<latexit sha1_base64="Nyf74CmEKSvcVIvDCvbJd1Qi1rw="></latexit>

ŷ = →f, w↑

<latexit sha1_base64="Lgqsrp2RUuVgitOZKMFvLONLRo0="></latexit>

f = ω(W3ω(W2ω(W1x)))
<latexit sha1_base64="4RDKKu5OfqGVKb7KLW+Q97loVf4="></latexit>

�(·) : activation function

<latexit sha1_base64="HCQqjO8zshSAqsEw3JJwMc6/JSs="></latexit>

W1,W2,W3
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Theoretical analysis in high-dimensions

Empirical risk minimization

Feature vectors:

<latexit sha1_base64="GwQmBwI1j4gKfSoYJg7UwOAHz/0="></latexit>

w→ = argmin
w

∑
i↑n ω(w

↓fi; yi)

<latexit sha1_base64="UAOQL4sZQVLlGXc4urDOW2lQOoI="></latexit>

fi = ω(W3ω(W2ω(W1xi)))
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Theoretical analysis in high-dimensions

Empirical risk minimization

Convex optimization problem involving a nonlinear random matrix

<latexit sha1_base64="e+lx3OQKJm9mmiQowjD/6U+Dzyk="></latexit>

F = [f1, . . . , fn] = ω(W3ω(W2ω(W1X))) → Rp→n

Feature vectors:

<latexit sha1_base64="GwQmBwI1j4gKfSoYJg7UwOAHz/0="></latexit>

w→ = argmin
w

∑
i↑n ω(w

↓fi; yi)

<latexit sha1_base64="UAOQL4sZQVLlGXc4urDOW2lQOoI="></latexit>

fi = ω(W3ω(W2ω(W1xi)))
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Theoretical analysis in high-dimensions

Empirical risk minimization

Convex optimization problem involving a nonlinear random matrix

<latexit sha1_base64="e+lx3OQKJm9mmiQowjD/6U+Dzyk="></latexit>

F = [f1, . . . , fn] = ω(W3ω(W2ω(W1X))) → Rp→n

Feature vectors:

<latexit sha1_base64="GwQmBwI1j4gKfSoYJg7UwOAHz/0="></latexit>

w→ = argmin
w

∑
i↑n ω(w

↓fi; yi)

<latexit sha1_base64="UAOQL4sZQVLlGXc4urDOW2lQOoI="></latexit>

fi = ω(W3ω(W2ω(W1xi)))

Test error:
<latexit sha1_base64="ctUKRXxDM0bdIEo5k5QQoUnKYBw="></latexit>

Etest = E
[
ω((w→)↑fnew; ynew)

]
Train error:

Goal: characterize the high-dimensional limits (                       ) of
<latexit sha1_base64="RfhYlQMGuUU1+GOjS/mpCoOFqVk="></latexit>

p, d, n → ↑

<latexit sha1_base64="cLcvD7wLFS48Jcb+vqnkEoytr5c="></latexit>

Etrain = min
w

∑
i→n ω(w

↑fi; yi)
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Theoretical analysis in high-dimensions

Special case: linear activation function 
<latexit sha1_base64="H/beP68H71MLc5H/qxGevmhhpqM="></latexit>

ω(x) = x

<latexit sha1_base64="7sLNrKzqDwX8i1s/tfQ9+zjzC1c="></latexit>

F = W3W2W1X
<latexit sha1_base64="EhrNm0jTrHyc6zV65cdN1S6ywBE="></latexit>

F = ω(W3ω(W2ω(W1X)))
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Theoretical analysis in high-dimensions

Special case: linear activation function 
<latexit sha1_base64="H/beP68H71MLc5H/qxGevmhhpqM="></latexit>

ω(x) = x

<latexit sha1_base64="7sLNrKzqDwX8i1s/tfQ9+zjzC1c="></latexit>

F = W3W2W1X
<latexit sha1_base64="EhrNm0jTrHyc6zV65cdN1S6ywBE="></latexit>

F = ω(W3ω(W2ω(W1X)))

Many powerful tools developed in the past decade:

Convex Gaussian minimax theorem (CGMT) 

Gaussian width, statistical dimensions 

Approximate message passing (AMP) and variants

<latexit sha1_base64="GwQmBwI1j4gKfSoYJg7UwOAHz/0="></latexit>

w→ = argmin
w

∑
i↑n ω(w

↓fi; yi)
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Theoretical analysis in high-dimensions

Special case: linear activation function 
<latexit sha1_base64="H/beP68H71MLc5H/qxGevmhhpqM="></latexit>

ω(x) = x

Challenge: nonlinear activation function breaks the standard statistical assumptions 
of these analysis techniques

<latexit sha1_base64="7sLNrKzqDwX8i1s/tfQ9+zjzC1c="></latexit>

F = W3W2W1X
<latexit sha1_base64="EhrNm0jTrHyc6zV65cdN1S6ywBE="></latexit>

F = ω(W3ω(W2ω(W1X)))

Many powerful tools developed in the past decade:

Convex Gaussian minimax theorem (CGMT) 

Gaussian width, statistical dimensions 

Approximate message passing (AMP) and variants

<latexit sha1_base64="GwQmBwI1j4gKfSoYJg7UwOAHz/0="></latexit>

w→ = argmin
w

∑
i↑n ω(w

↓fi; yi)
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Two versions of the feature maps

Nonlinear feature map:

<latexit sha1_base64="ieldnsCZ8Kg5nTYuuCdITBy1c6E="></latexit>

A = ω(WX)



22

Two versions of the feature maps

Nonlinear feature map:

<latexit sha1_base64="ieldnsCZ8Kg5nTYuuCdITBy1c6E="></latexit>

A = ω(WX)

Noisy linear feature map:

where 
<latexit sha1_base64="TIC2FZc71XJgwSAoQ8HYUsIKDvM="></latexit>

zij ⇠iid N (0, 1)

<latexit sha1_base64="39mSFUlH/QuiWyJ/o+Kq6I4wkv4="></latexit>

B = µ01p→n + µ1WX + µ2Z
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Two versions of the feature maps

Nonlinear feature map:

<latexit sha1_base64="5NtaZQvbyqcBKuFFz0dx97bQ2rA="></latexit>

µ0 = E[ω(g)] g → N (0, 1)

µ1 = E[Gω(g)]

µ2 = (E[ω2(g)]↑ µ2
0 ↑ µ2

1)
1/2
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Two versions of the feature maps

Nonlinear feature map:

<latexit sha1_base64="5NtaZQvbyqcBKuFFz0dx97bQ2rA="></latexit>

µ0 = E[ω(g)] g → N (0, 1)

µ1 = E[Gω(g)]

µ2 = (E[ω2(g)]↑ µ2
0 ↑ µ2

1)
1/2

Training error:

<latexit sha1_base64="iWL5pcgsUKTno8q+mnLlDr0OBA8="></latexit>

Etrain(A) = min
w

∑
i→n ω(a

↑
i w; yi)

<latexit sha1_base64="qZe+qHDdjQrM/TqNMHzTDuWSYXk="></latexit>

Etrain(B) = min
w

∑
i→n ω(b

↑
i w; yi)

<latexit sha1_base64="ieldnsCZ8Kg5nTYuuCdITBy1c6E="></latexit>

A = ω(WX)

Noisy linear feature map:

where 
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zij ⇠iid N (0, 1)
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Two versions of the feature maps

Nonlinear feature map:

<latexit sha1_base64="5NtaZQvbyqcBKuFFz0dx97bQ2rA="></latexit>

µ0 = E[ω(g)] g → N (0, 1)

µ1 = E[Gω(g)]

µ2 = (E[ω2(g)]↑ µ2
0 ↑ µ2

1)
1/2

Training error:

<latexit sha1_base64="iWL5pcgsUKTno8q+mnLlDr0OBA8="></latexit>

Etrain(A) = min
w

∑
i→n ω(a

↑
i w; yi)

<latexit sha1_base64="qZe+qHDdjQrM/TqNMHzTDuWSYXk="></latexit>

Etrain(B) = min
w

∑
i→n ω(b

↑
i w; yi)

Test error:

<latexit sha1_base64="PHOGIgSqJJIpc/qiVxxqOm4brk4="></latexit>

Etest(A) = E
[
ω(a→neww

↑
A; ynew)

] <latexit sha1_base64="B8qL1GW4PKnTIRFna07CvmkS3aE="></latexit>

Etest(B) = E
[
ω(b→neww

↑
B ; ynew)

]

<latexit sha1_base64="ieldnsCZ8Kg5nTYuuCdITBy1c6E="></latexit>

A = ω(WX)

Noisy linear feature map:

where 
<latexit sha1_base64="TIC2FZc71XJgwSAoQ8HYUsIKDvM="></latexit>

zij ⇠iid N (0, 1)

<latexit sha1_base64="39mSFUlH/QuiWyJ/o+Kq6I4wkv4="></latexit>

B = µ01p→n + µ1WX + µ2Z
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Numerical surprises

Logistic regression
<latexit sha1_base64="Q2Pj9oleTTlq6PBhJMFmYZHfhKY="></latexit>

ω(x) = tanh(x)
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Gaussian equivalence phenomenon

Nonlinear feature map: Noisy linear feature map:

where 
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Gaussian equivalence phenomenon

Gaussian equivalence:

For all “generic”      and “reasonable”        ,
<latexit sha1_base64="Nf8e2kr60wm9KMh7ET9C5xodTTY="></latexit>

�(·)

and

Stated as a conjecture in:

<latexit sha1_base64="8ZR5HAWaQO/iqKaZNucDLU5eT/4="></latexit>

lim
p→↑

1

p
Etrain(A) = lim

p→↑

1

p
Etrain(B)

<latexit sha1_base64="WaTp50mLWAmuCVIwdrF7XNtUCSM="></latexit>

lim
p→↑

1

p
Etest(A) = lim

p→↑

1

p
Etest(B)

Exploited in: [Montanari, Ruan, Sohn, Yan, ’19], [Oussama & Lu, ’20] …

<latexit sha1_base64="4LCMhMRoperwNMLTzNUhKaEJbw4="></latexit>

W

[Goldt et al. ’19, ’20], [Mei & Montanari, ’19]

Nonlinear feature map: Noisy linear feature map:

where 
<latexit sha1_base64="TIC2FZc71XJgwSAoQ8HYUsIKDvM="></latexit>

zij ⇠iid N (0, 1)

<latexit sha1_base64="ieldnsCZ8Kg5nTYuuCdITBy1c6E="></latexit>

A = ω(WX)
<latexit sha1_base64="39mSFUlH/QuiWyJ/o+Kq6I4wkv4="></latexit>

B = µ01p→n + µ1WX + µ2Z
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Why is it useful?
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Exploiting the Gaussian equivalence

[Dhifallah & Lu, arXiv:2008.11904]: Convex Gaussian minmax theorem (CGMT) for 
correlated feature vectors

Sharp asymptotic analysis by exploiting the Gaussian equivalence:
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Exploiting the Gaussian equivalence

[Dhifallah & Lu, arXiv:2008.11904]: Convex Gaussian minmax theorem (CGMT) for 
correlated feature vectors

Sharp asymptotic analysis by exploiting the Gaussian equivalence:

Related work that also exploits this conjecture: [Gerace et al. ’19], [Goldt et al. ’19], 
[Montanari et al., ’19], [Bosch et al., ’22]

Theorem: [Dhifallah & Lu, ’20] (informal) Convex loss functions and regularizers:

<latexit sha1_base64="yx23dVqp4ALa1YhczYN9S5eKNOo="></latexit>

⌫1, ⌫2 ⇠ N (0,⌃⇤)

where the parameters            and       are determined by some fixed point equations
<latexit sha1_base64="s7EtfW4+kLAprXx3bDFzA1o2F5M="></latexit>

⌃⇤<latexit sha1_base64="kn1IXM4CUonLncMbkdqUTArOGmU="></latexit>

t⇤, ⌧⇤

<latexit sha1_base64="nBvrVTRGL30BLHoSjzwsgsTawrY="></latexit>

Etrain(B)
d,n!1�����! C(t⇤, ⌧⇤)

<latexit sha1_base64="znThCZfiU2LuRWnMiT8Q+hQUTyA="></latexit>

Etest(B)
d,n!1�����! Ef(⌫1, ⌫2)
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Exploiting the Gaussian equivalence

Logistic regression
<latexit sha1_base64="Q2Pj9oleTTlq6PBhJMFmYZHfhKY="></latexit>

ω(x) = tanh(x)
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Extensions and recent developments 

Multilayer random feature models [Bosch, Panahi, Hassibi ’23] 

Data augmentation via noise injection [Dhiallah & Lu ’21] 

Beyond random feature models [Ba et al., ’22], [Cui et al., ’24], [Dandi et al, ’25]

A few gradient updates to the weight matrices:

Figure 1: Bulk spectrum of the empirical features covariance at initialization (dashed blue) and after training
(green); the red line corresponds to the theoretical characterization derived in this manuscript.

Models — The present manuscript addresses the simplest class of neural network architectures (used in Fig. 1), namely
fully-connected, shallow two-layer neural networks:

f(x;W,a) =
1
→
p

p∑

j=1

ajω(w
→
j x), (1)

whereW = {wj , j ↑ [p]} ↑ Rp↑d and a = {aj , j ↑ [p]} ↑ Rp denote the !rst and second layer weights, respectively,
and ω is an activation function. Motivated by the lazy regime of large-width networks [Jacot et al., 2018, Chizat et al.,
2019], the generalization properties of two-layer neural networks have been thoroughly investigated in the simple case
where only the second-layer weights a are trained (typically by ridge regression), while the !rst-layer weights w = w0

are !xed at (typically random) initialization. This model, which is equivalent to the Random Features (RF) approximation
of kernel methods introduced by Rahimi and Recht [2007], is particularly amenable to mathematical treatment. The
reason is that, besides being a convex problem, in the asymptotic regime where n, p = !(d) with d ↓ ↔, the random
feature map ε(x) = ω(w→x) statistically behaves as a linear function with additive noise — a result often referred to as
the Gaussian Equivalence Principle (GEP) [Goldt et al., 2022, Hu and Lu, 2022, Mei and Montanari, 2022]. While this
surprising property makes the problem tractable with random matrix theory arguments, it implies that in this regime
random features can learn, at best, a linear approximation of the underlying target function. This sets a benchmark for
the fundamental limitation of not adapting the !rst-layer weights to the data.

Gradient descent — Going (literally) one step beyond random features, Ba et al. [2022] showed that training the !rst
layer weights with a single Gradient Descent (GD) step on a batch of data {(xµ, yµ) : µ ↑ [n0]} from the same target
distribution:

w1
j = w0

j ↗ ϑ↘wj

1

2n0

∑

µ↓[n0]

(yµ ↗ f(xµ; a
0, w0))2

followed by ridge regression on the second layer weights a with n fresh samples can drastically change the story above,
depending on the scaling of the learning rate ϑ where n ≃ d, n0 ≃ d. More precisely, they showed that for ϑ = !d(

→
d),

Gaussian Equivalence asymptotically holds as d ↓ ↔, implying that an exact asymptotic treatment based on the GEP still
holds. However, in the regime of an aggressive learning rate ϑ = !d(d) (the so-called Maximal Update parametrization
[Yang et al., 2022]) they showed that the !rst-layer weights adapt to the data distribution, translating into an improvement
over the RF lower-bound.

This !nding has sparked considerable interest in exactly characterizing the asymptotic generalization error achieved
under this single, large step setting. Dandi et al. [2023] proved a novel Conditional Gaussian Equivalence Principle

2
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Why does Gaussian equivalence work?
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For simplicity, consider one-hidden layer
<latexit sha1_base64="S363v+xrkPfzQGhwMVLQqwzfrkk="></latexit>

ω(WX)

Why does Gaussian equivalence work?
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Universality of random feature models

Nonlinear feature map:

<latexit sha1_base64="ieldnsCZ8Kg5nTYuuCdITBy1c6E="></latexit>

A = ω(WX)

Noisy linear feature map:

where 
<latexit sha1_base64="TIC2FZc71XJgwSAoQ8HYUsIKDvM="></latexit>

zij ⇠iid N (0, 1)

<latexit sha1_base64="39mSFUlH/QuiWyJ/o+Kq6I4wkv4="></latexit>

B = µ01p→n + µ1WX + µ2Z
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Matching of the first two moments: for generic

<latexit sha1_base64="naBwi0poBAm8SAgEIsgmUZng8NQ="></latexit>

E[ai] ⇡ E[bi]
<latexit sha1_base64="f4C4aJQbgM+TD/MDZbRbc6cOGaY="></latexit>

E[aia
>
i ] ⇡ E[bib>i ]and
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Proving the Gaussian equivalence conjecture

Hu & Lu, IEEE Trans. Inf. Theory, arXiv:2009.07669

Assumptions:

Convex loss functions               with bounded third derivatives 

Strongly convex regularizer (e.g.                for some            ) 

Random weight matrix      with independent Gaussian entries 

The activation function           has bounded third derivatives and it is an odd function

<latexit sha1_base64="M9vW4faEcGpBgD8cxiyq3z9Iah8="></latexit>

`(x; y)
<latexit sha1_base64="0yLh2i41XPGRuwFmS6bk++eIwLc="></latexit>

�
2 kwk2 <latexit sha1_base64="9Ssqj2jfZ4Z10KVNhXc8mzyyrrI="></latexit>

� > 0

<latexit sha1_base64="1D6vEpoo059KdEK5RNyWzeUGWrA="></latexit>

�(x)

<latexit sha1_base64="yE6AKe2adMSrgd+L/2h24/3Qp24="></latexit>

W
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Proving the Gaussian equivalence conjecture

[Hu & Lu, arXiv:2009.07669]

Theorem (Hu and Lu, ’20):

For any                   and constant    , we have
<latexit sha1_base64="6xEKOxhP4oLLwcO+rIu01h00fd0="></latexit>

" 2 (0, 1) <latexit sha1_base64="KMuQpQzMHaESIQ4pWjNQORZrs8U="></latexit>c

<latexit sha1_base64="VbBR5R6T0dLctaDzuS+NSf0Ygas="></latexit>

P(
��Etrain(A)/p� c

�� � 2")  P(
��Etrain(B)/p� c

�� � ") +
polylog p

"
p
p

and
<latexit sha1_base64="o2QnA1CHgvKYbieNRMcfk6xAM7I="></latexit>

P(
��Etrain(B)/p� c

�� � 2")  P(
��Etrain(A)/p� c

�� � ") +
polylog p

"
p
p

Consequently,

<latexit sha1_base64="hWhF8EQyQCd4rFgWwx8L8Dhop7g="></latexit>

Etrain(A)/p
P! c if and only if

<latexit sha1_base64="24pLu5CJuXlmR6rkC2yDGwfG6AE="></latexit>

Etrain(B)/p
P! c

Similar result for the test errors.

See also [Montanari and Saeed, 2022] for universality of free energy
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Proof idea (sketch)

<latexit sha1_base64="vz9hbyoW/NUZrllxmXRp1s2t8VM="></latexit>a1,a2,a3, . . . ,an�1,an

<latexit sha1_base64="hHdleX0wS8hsQl/f+2NpImHRanM="></latexit>

b1, b2, b3, . . . , bn�1, bn

Ensemble A: 

Ensemble B: 

[Hu & Lu, arXiv:2009.07669]

See also [Panahi & Hassibi, ’17], [Abbasi, Salehi, Hassibi, ’19]
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See also [Panahi & Hassibi, ’17], [Abbasi, Salehi, Hassibi, ’19]
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[Hu & Lu, arXiv:2009.07669]

Main technical tools: Lindeberg’s approach, leave-one-out analysis, Stein’s method for a 
central limit theorem for weakly correlated random variables

See also [Panahi & Hassibi, ’17], [Abbasi, Salehi, Hassibi, ’19]
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Key ingredient: a central limit theorem

Nonlinear feature map: Noisy linear feature map:

where 

<latexit sha1_base64="qD4fOAW3UN1KO6/bBvO/Wyc2hQw="></latexit>

a = �(Fg)
<latexit sha1_base64="j8hBhqvIbIOtkSWqLgN1vvDOH4o="></latexit>

b = µ01+ µ1Fg + µ2z
<latexit sha1_base64="/gYJ9+hRN6NEF/raNNVdqvNR/k8="></latexit>

z ⇠ N (0, Ip)
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A central limit theorem: [Goldt et al, ’20], [Hu, Lu ’20]
<latexit sha1_base64="hHnxQ8zpkXhhDwYGZXVoou9/LuI="></latexit>

w 2 RpFor any fixed                with                                     , 
<latexit sha1_base64="akmVBd+iBDL8MQeWympcjaD0uTE="></latexit>

kwk1  polylog p

<latexit sha1_base64="KfT+/ZfZE/QNELuFYvmZ0Bph/a0="></latexit>
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In this lecture: a short proof based on Wiener chaos expansion


