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Part I : Equivalence for nonlinear random matrices

Data rectors X , Xz . .. Xn
&
P(x) XiEIA

E Xi = 0 EXiX:

"
= I

Inner produce kernel matrix A 1x

Aij=S i +j X : IR-IR

i =

j
.

Goal : understand the spectrum of A as n .
d+ +.

Special case : Xi - Unif E14 *d

and a (2) = E

EnAij = Exi-a

=>XiaXib Val-
=2 XiaXib Xja Xib

= Aij = En <f(Xi)
,
fixi)

d-d

f(xi) =IR
=

f(x) = (X , Y2
,

X . X3 -· X , Xd
,

XaXs -- - >

= (Xab) ac
Mc = [ (2 , i) : 1 ricjsd

fr

Idea : Linearization by Lifting to the feature space.



Aij = [F(f(xi) , fixi i
A =-n

- ding( *)I
Easy to show : Ef = 0 Effi = I

Universality : Replacef by No,
I)

Then we have
a

B= Eit-digs !
ndd nad ncd

semicircle IA I mid
Idea : Linearization + Universality -> MP law

Scaling 12 de SC
, Mp or low-rank



Side note : Wishart ensemble and the MP law

A=itf-digh *
&

M
-

-Iti
+ - 2 =+ + 2

Case I Pcn spectrum O(1)

Case I ps n Semicircle
Case I pan·ka



Question : General nonlinearity &(x)

Approximatin ,
a(X) is

a finite-degree polynomial

+(x) = 2CkX
*

(IXiaXia) = XiaXibXia XiaXis Xj.. - -

Xi
c
Unif (scra) [ L

,

H .
T

. Yau
, 2022]

r(x) = zmmfm(x
Gegenbanepolisa ..
Very close to Hermite polynomial

Em(xixi)= fixic fixi)
↑ spherical hormonics .

Nu = 0 (dk)
Efr(X) = 0 EfR(x) fr(X) = ING

.
also EfG(x) fex) =20

Idea : Replace fr() by No . Ida)

A= ) - digi *?

B= Um Ein EE)-dig & * ]

=+M+spite mp SC

-



Gegenbaur polynomials and spherical harmonics are elegant
but too special X-Unif (sa)

X(dp(x) Xi : Xiz . Xid independent
EXia = 0 EXia = E

,
EXin*** Cpac

= p = IN

[ Dubora
,

L
.

McKenna
,

Yau
,
2023)

Write ~ (z) = [Mrhr(x)

St
,

X,Exmalized
Hermite polygonsas

A = IMRHR

(Hr)ij =[hm .
Nr = (c)

fr(x)EIR
mobilinear polynomial

fo (x) : 1

f , (x) = X Y Polynomial chaos
fz(X) = (XiXi) icj Walsh

falx) = (Xi .
Vis Xis) isaizais

:

hi)= < fixi)
,
fu(Xi)) + 0c()

Note : Ignore Octa) will not change the global spectrum



* How to prove
this ?

key ingredient :

brEIRNR deterministic

What's the typical size of < br
.
frix)

Note : Cauchy-Schwartz
1kbb

, fr(x) * 1) ball . 11 facxll
↑ 1ba(l))

But if it were truly gaussion
< ba

,

fr) ~N10.
11 ball

Rotational - invariance

So < bb
,
fu = Op (llball)

key ingredient

< bk
,
fr) = Op(1lbrll)

In fact : 11fullp -> Cp =

Note : If X-Mo .
1d)

, easy consequence of
hyper contractivity

Consequence : concentration of quadratic forms

# frix F fa =ntrF + 0<(



Related model

(1) Assaly & Benign:25

dxn dx4

.

XIR Y EIR n = cd "

A = *(XYy)oa(YY)

Aij = Tr (EXiaxia) (I YibYib)

= Tar ENiaXib Yia Yis

Aij = tar < fi
,
fi

fi = <XiaYis) ab

asubsetofsecond
r

a)=E
12) NTK Kernel [Benigni & Paquette'214 +]

k = k ,
+ k

k = (xTX)0 (x'(xwi)(" =a) riwx)
kc = < (xiw)r(wX) P(d + 2

/+ B



Simplify : K ,
+(x) = 112

ki = (x -x)c(xiw
& (xix)G(Xinx)

(Kilij = (IXiaXia) (Xia Xib <b)

=[ XiaXib Xb Xia Xib

=

I Xi Xin + 2 XiaXis & Xia X

(conjecture)

->neanimal
intariance

< br
,

fr(x)) = 0s(llball)

Do we have CLT ?



Assume X-NCo , Id)

fo(X) = S

fi = x = IR
&

fz = (XiXi)ici + (b2(x:) :

fs = (XiXiXm)isick + (ns(Xi)) : + ChacXis Xi) jci

fr iRN
:

Nk = (d+b
Ho = 1

He = Xird
Ha=d)

HiE(rd) * k

brifn = +r (Br Hr)

Ex : k = 2 tr (B)= (x BX - +rB)

WLOG FB = diagEd , -- ds

zi Ez=

If Xi bounded -> CT

-If is dr spikes -

+-CCT



A key component : T

o r(WX)

X-N1o · [a) Wed (WWi)ii = 1 = i
.

Of IRP

& (z)=uhu(z)

owX)= +r(ThHm)
R = 1

Th= 0: (W: <
**

< (d)
*R Malliann Calculus

Normal Approximation with

General CCT for Wiener Chaos : [Nourdin & Peccati]

En= +r (TkHr) EZE = IITRIE = 1

Ent No . 1) if EZR -> 3

Th
,

re1pdxdk
-

EZrt3 If IITEr ThIllE -O flereRy

Joint work with Fan
,

Hu
,

Misickiewicz
.

Wen .25

orink) -> No
,
of if

1) (wijor (0 ... ) (muT)o( ->10. p) (wwise
-> O for all k = k

12r = k



In linear scaling
1) llop = 11 Wiw110110

So acT as long as Ilwiw* 118118 -> 0


