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Attention-index models and how to solve them
using tools for quadratic networks
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Input data Projections Link function
d > 1 dimensional Gaussian x onp = _@d(,l) usingg : R - R
H random directions
1. Generate dataset & = {X,, Y, },=1, . Many functions in this class
Y, = g(wl*xﬂT, W) xﬂT
Q Narrow
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Input data Projections Link function
Collections Cci)f Gaussian onp = 0,1)
tokens X, € R"*%, T=0,(1), d > 1 random directions ~ using g : R — R™*"

1. Generate dataset J = {X Y, } =1

p
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Multi-index models... are ideal for attention
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Input data Projections Link function
Collectlor}s Cci)f Gaussian onp = 0,1)
tokens X, € R™*, T=0,(1),d > 1 random directions ~ using g : R” — R™*T

1. Generate dataset J = {X Y, } =1

p
wudu=1,..., n
— wTIx?’
oy T *y T Yp=0 Xuzwlwl u
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[H. Cui, F. Behrens, F. Krzakala, L. Zdeborova, '24]
[L. Arnaboldi, B. Loureiro, L. Stephan, F. Krzakala, L. Zdeborova, '25]
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Multi-index models... are ideal for attention

) (=

Input data Projections Link function
Collections of Gaussian p — pi+...+p, =0,1)
tokens X, € R™ 7=0,1),d> 1 random directions using g : RY — R'*

PL / Py \-l .
- ff(X,wafwaX,fT) o=y fo8 ol
i=1 Also multiple heads,
untied keys-queries, ecc...

( Zwl 1T X ZWL LTy ) [E. Troiani, H. Cui, Y. Dandi, F. Krzakala, L. Zdeborova, '25]

Exact g found by recursion yet these are finite rank...
attention networks!

Sk ARama mammeee e
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Multi-index models... are limited

Can we remove the P << d assumption?

\ e/

~ /
0

=
IDEA: the attention iIs an index
Define a new class of models

) 3
Lmear iINndex model

d
xﬂe[R

d — oo

g(X AX )

Attentlon Index model

X, € pTxd rank(A) = pd
d —> o



Structure of the talk

O @

Bayes-Optimal learning Asymptotics of ERMin  Bayes-Optimal of
of quadratic networks overparametrised attention networks
quadratic networks
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Simplest possible model: quadratic networks

Data model:

_ _ 1 w'x, xx, =12 ww'

Proportional-width Y = —pZa( 7 )=Tr 7 Y | = TG
two-layer networks with =1 =1 VP

centered quadratic ) <wiTx) e Il

activations Nz y y
Goal: Bayes optimal study of simplest index model
yﬂ — xMTA*xﬂ A* € Sym(d), rank(A™) =pd, x € R d - oo

Results:

Fundamental limits :
You have n = ad” samples {x,,,}

What is the minimal & = HA — A™||  over choices of A?

Optimal algorithms :
Write an algorithm that achieves &
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Sketch of the analysis though AMP

1 & /w'x
- - - y=— ol = = Tr[GA]
1. Gaussian equivalence on input 7 & ( i )
G — X%y — 1 ~ GOE(d) Matrix compressed sensing
B \/c_l' [Y. Xu, A. Maillard, L. Zdeborova, F. Krzakala]

2. Write an AMP iteration

w~ subproblem

= =G+ (a4 1)

u=1

3. Study BO denoising

Observe % = § + 6Z with Z ~ GOE(d) and P rotationally invariant

Not quite a trivial problem...
Estimate OSJ ! [A.ll\/la.illard, F. Krzakala, M. I\/Iézarpl, L. Zdeborova ’21]

[E. Troiani, V. Erba, F. Krzakala, A. Maillard, L. Zdeborova '22]
[F. Pourkamali, N. Macris ’23]
[G. Semerjian '24]
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\ L/
[O. Ledoit, S. Péché ’11]
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BO denoising and HCIZ integrals

Observe % = & + 6Z with Z ~ GOE(d) and P, rotationally invariant
Minimise MSE on &
U [
~(w)- Rotationally Invariant Estimator (RIE) 4. Bun, I P Bouchaud, M. Potiers 1
é\

-
y=UunyuT  —p S =UFAU
F[Ag,y],. = fyy[(Ag))]]
Integrate posterior over rotations

1% - S| 1Y |12+ S|

PS&|Y)xe 2 P(S)=e 2 P(S)

Asymptotic Minimum MSE

4 71-254 i " THUAgUTAg]

3 po (A1) dA e 2 dU

18 = SNl == 5

Recall A. Malllard’s talk. ..



Learning curves for quadratic networks

Mlnlmal MMSE
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new new d_>°° 2(1,0 — — i 3 1
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Learning curves for quadratic networks

Mlnlmal MMSE
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=
-
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Learning curves for quadratic networks

Mlnlmal MMSE

Z(y[xneW] ypowy 55 290 ]~ 2q

A\

q
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% p =073 <
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2 — ) = 1 i
— g — >
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=
b
E
0.00 I I I — 0.0 -
0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
Sample ¢complexity o = n/d? Sample complexity o = n/d?
Y
c=P P y=—20<—>=Tr[GA] G ~GOE(d) p=pd
PiS “Wd A~W,, n=ad’



Narrow limit: a BBP transition for weak recovery

Narrow width limit p — 0
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(Some form of) GD can have BO performance

Everyone: | don’t care about AMP, what about GD?

Minimise Z (v, — 3,[W1)°

u=1

ﬁHHhH = Theory
it ! t @D (d = 200)
. i Hﬂﬂ { @D (d = 100)

2.0 1

MSE
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0.9

0.0
0.0 0.1 0.2 0.3 0.4

Sample complexity o = n/d?
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(Some form of) GD can have BO performance

Everyone: | don’t care about AMP, what about GD?

Minimise Z (v, — 3,[W1)°

p=1

HHH = Theory
++++++ﬁﬁ+++++ t  GD (d = 200)

dy 2 +++++ﬁiﬂi t  GD (d = 100)

2.0 7
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(Some form of) GD can have BO performance

Everyone: | don’t care about AMP, what about GD?

Minimise Z (v, — 3,[W1)°

u=1
ifh —— Theor Averaged GD:
2 O » bk ) H Y .
* ++++ﬁﬁﬁﬁi 1 gg E;l Z igg; 1. Run multiple times
15ax? initializing in prior;

2. Average the labels at
convergence

MSE

0.0 0.1 0.2 0.3 0.4

Sample complexity o = n/d?

4 1 & [ w/x
6<

1 w.!x
- ’ = Tr[GA™] y = ——
w2 =

l

) ~Tr{GA] G ~GOE() p=pd
A* ~ Wp,d n = ad2



(Some form of) GD can have BO performance

Everyone: | don’t care about AMP, what about GD?

Minimise Z (v, — 3,[W1)°
u=1

—— Theory Averaged GD:

GD (d = 200) o

AGD (d = 200) 1. Run multiple times

GD (d = 100) initializing in prior,

AGD (d = 100) 2. Average the labels at
convergence

MSE

BO performance!

=~
L

. (hard) open problem
0.0 0.1 0.2 0.3 0.4

Sample complexity o = n/d?

N i 0<W,Tx> “THGA*] = — i (;(Wx) =Tr[GA] G ~GOEWd) p=pd

p i=1 \/C_Z \/E i=1 \/C_l A* ~ Wp,d n = (xd2



L2 regularized quadratic networks

Let’s add L2 regularization and learn with overparametrized
p > p* network

Minimise )" (y, — 5,[W1)> + Al W)}
u=1

> d
I o (Wx A G ~GOEW) < .
= Tr[GA*] + /A y=—) o| —) = Tr[GA] p*=p*d
Yo eV \/1_7; <\/6_1> A~V pea n=ad?



L2 regularized quadratic networks

Let’s add L2 regularization and learn with overparametrized
p > p* network

Minimise )" (y, — 5,[W1)> + Al W)}
u=1

(i) Training: Optimisation with GD is easy, all minima are global minima

[Venturi, Bandeira, Bruna ’19]

> d
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L2 regularized quadratic networks

Let’s add L2 regularization and learn with overparametrized
p > p* network

Minimise )" (y, — 5,[W1)> + Al W)}
u=1

() Training: Optimisation with GD is easy, all minima are global minima

[Venturi, Bandeira, Bruna ’19]

(ii) Equivalent to a (convex) matrix compressed sensing with a nuclear norm reqularisation
[Fazel, Candes, Recht, Parrilo ’08; Donoho, Gavish, Montanari ’13; Gunasekar, Woodworth, Bhojanapalli, Neyshabur, Srebro ’17]

D A% = AG, +VALIF+ AllA]l

p=1
>
= TH{GA*] + /AL j=— G(W—Tx) =TiGA] ¢ GOR) Z*_jp*d
’ P iz d A™ ~ Vypd n=ad



L2 regularized quadratic networks

Let’s add L2 regularization and learn with overparametrized
p > p* network

Minimise )" (y, — 5,[W1)> + Al W)}
u=1

() Training: Optimisation with GD is easy, all minima are global minima

[Venturi, Bandeira, Bruna ’19]

(ii) Equivalent to a (convex) matrix compressed sensing with a nuclear norm reqularisation

[Fazel, Candes, Recht, Parrilo ’08; Donoho, Gavish, Montanari ’13; Gunasekar, Woodworth, Bhojanapalli, Neyshabur, Srebro ’17]

n
2
Y IA* = A)G, +/ALlIZ + AIA]l-
p=1
(iii) NTK/Lazy is instead equivalent to matrix compressed sensing with a Frobenius norm regularisation

Y IA* = A)G, +VALlIE+ A%
u=1

> d
1 Wi x A G ~GOEW) < .
= Tr[GA*] + VA y=——=) ol — ) = Tr[GA] p*=p*d
y [ ] \/_C i ; ( d ) A* ~ Wp*,d " = adz



Asymptotics of overparametrized quadratic nets

Generalization error Training loss
A 3 52 A
7y d— 0 0 & » d—>oo 4
Z (M2, =, ™) — 2007 = — ; Oy = SIWID? == = = 50,J(5,Ae)
! Wi x . G~GoE@ LS.
y = Tt[GA*] + /A 9=—Za( ’ >=Tr[GA] p* = p*d

I \/C_i A* ~ Wya n=ad



Asymptotics of overparametrized quadratic nets

Generalization error Training loss
. Al L-NEW newy2 d— 2 A \ 5 2 d—o 5 A
Z O, =, — 206" — — Z Oy, =YW — = 5521(5,/16)
p=1 2 H=l
406 — — = 0,J(3, A¢) J(a,b) = [ dx pio)/(x) (x = b)? |
€ b 1
i . A 5 5° B \C
t O™ + B + 206 — — = (1 — €10,)J (0, Ae) Y = A* +a'2G
— * = — Fol = —
y I'[ ] + é \/1_7 = \/6—1 A* ~ Wp*,d = ad2



Asymptotics of overparametrized quadratic nets

Generalization error Training loss
Z( DoV — ynew)2 2% 20 — 2 any AP PP
Y 2 o e 4e2 2 77
das -2 = 0,06, e) fab)= | dvuye -7 )
€ b ,
| A 5° (
b O* +— +2a6° — — = (1 — €10,)J(6, Je) >
t 2 = o) . ? :A* +Cl_1/2G

€

Spectrum of A at convergence  yy(x) = C8(x) + I(x > 0) |2/ (x* + Ae)|

AT p=d

o1 Wi x A G ~ GOE(d) ' +_ «
y = Tr[GA™] +1/ Al y=—2=) o0 = Tr[GA] p* = p*d
\/_ p ; ( ‘\/C_i ) A* ~ Wp*,d = adz




Asymptotics of overparametrized quadratic nets

Generalization error Training loss
\ A +-NEW news2 d— oo A S 2 o 002
Y Gliev] — ypevy? =3 2067 - Z_‘,(yﬂ—yﬂ[WD” > 2~ 502/, 2€)
pu=1 H=l
das -2 = 0,06, e) fab)= | dvuye -7 )
€ b ,
i . A 5 5° \C
‘ O™ + 5 +2a6* — — = (1 — €A0,)J(8, Ae) Y = A* +a-12G

€

Spectrum of A at convergence  yy(x) = C8(x) + I(x > 0) |2/ (x* + Ae)|

Analysis similar to BO:

Different spectral denoiser: shifted ReLU on eigenvalues

> d
1 & wix A G ~ GOE(d) b2 .
= Tr[GA*] + /A y=—=2,0 = Tr[GA] pT=p’d
T : \/1_9; <\/C_i> A~ Wpd  p=ad



Vignette | : spectrum of matrix W, lower noise
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Vignette | : spectrum of matrix W, lower noise
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Vignhette | : spectrum reproduces deep learning ones!

Spectral Density

& o & &
N IS o o

=
o

Random-like ESD p(A)

— MP fit
I /-'—'\\\\ Pemp (/\)
/ |
| N
N
/ \\\
\
/ \\
\
j |
1.0 1.5 2.0 2.5

Eigenvalues A of X =W

(a) RANDOM-LIKE.

a=0.3

M. Michael W. Mahoney 2020

Bleeding out ESD p(A)

[

1 T T
2.0 0.5 1.0 1.5
Singular values W

2.0

0.8 - JF —— MP fit
[ b Pemp(A)
2 / ™
g 0.6 1 \\\
a / N\
© 0.4 \
O |
8. ‘\\.
7 0.2 \
0.0 T : ' \
1.0 1.5 2.0 2.5
Eigenvalues A of X =W
(b) BLEEDING-OUT.
a = 0.55
2.5 0.0 0f5 110 1f5 210 2.5

Singular values W

Spectral Density pygr(A)

Bulk+Spikes ESD p(A)

08 e — MP fit
/"' N Pemp (/\ )
N
\
0.6{ | N
| \
r \
| \\
0.4 - \
\"-.
\
0.2 \
\ll
0.0 r !
1 2 3

Eigenvalues A of X =W'W

(c) BULK+SPIKES.

a=1

D

0.0

1
0.5

T T
1.0 1.5 2.0 2.5

Singular values W



Vignette Il : Interpolation threshold & double descent

Test error (A = 0.5)

— )\ = 0.1
— )\ = 0.05
— X\ = 0.02
= )\ = (0.01
4 - == )\ = 0.005
m— )\ = 0.001

_ A = 0.0001
3
A=o0t
== = Optimal X
2

e .

| |
0.0 0.1 0.2 0.3

Sample complexity a = n/d?

0.4

0.15

0.10

0.05

0.00

Train loss (A = 0.5)

0.0

0.1 0.2 0.3 0.4

Sample complexity a = n/d?

Interpolation threshold

Largest value of @ = n/d? such that
a perfect fit with “zero training loss”
(aka, an interpolator) solution exists



Vignette Il : Interpolation threshold & double descent
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Vignette Ill : Perfect recovery £, versus ¢,

Strong recovery:

Number of measurement to reach perfect
recovery with noiseless measurements
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See also [DL Donoho, M Gavish, A Montanari ’13, Oymak Hassibi ’13, D Amelunxen, M Lotz, MB McCoy, JA Tropp ’14]
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Methodologically BO attention is analogous to quadratic network

Back to attention
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Estimation error

O
>

> >
NN NN S

N NNSNSN0
< NV B ROV

+ 4+ =+

0.2

~oo 20
Estimation error <=5 A'O
4 1
l —a(T?+T—-2)=— [;@(,1)3 dA

3q

GD

=2

=3

=4

=5

=6

1.0 XeR™  p=pd

Sample complexity a = n/d*(T* + T — 2) rank(A) = p  d — oo



Methodologically BO attention is analogous to quadratic network

Back to attention

: . d— 00 2CI,O
T Estimation error — —
= softmax(X ,AX a2 (7
y/“t ( K '“) l—a(T°+T-2) = ﬂA [;@(ﬂf’dﬂ
3q
- o0 “°® | Simple scaling for tokens
5 HE A (T +T =2
- + T=3 ¥ T=3 n— n/(T-+ )
v + T=4 T =4
S T=5 T=5
= + T=6 T=6
=
= bt
n
N B
0.0 . . —tea pa oo
0.2 0.4 0.6 0.8 1.0 X € RT>d p = pd

Sample complexity a = n/d*(T* + T — 2) rank(A) = p  d — oo



Methodologically BO attention is analogous to quadratic network

Back to attention
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What about multiple layers ?

Single head, no MLP layer

XeR™  p=pd
rank(A) =p d — oo
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What about multiple layers ?

Single head, no MLP layer
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PROGRESS

L
CDn  Ye=S+ 2 V5,06 XeRP —p=pd
1 rank(A) =p d - o



Thanks for your attention!

Bayes-optimal learning of an extensive-width neural
network from guadratically many samples

A. Maillard, E. Troiani, S. Martin, F. Krzakala, L. Zdeborova
arXiv:2408.03733

The Nuclear Route: Sharp Asymptotics of ERM in
Overparameterized Quadratic Networks

V. Erba, E. Trolani, L. Zdeborova, F. Krzakala
arxiv:2505.17958

Bayes optimal learning of attention-indexed models

F. Boncoraglio, E. Troiani, V. Erba, L. Zdeborova
arXiv:2506.01582




Thanks for your attention!

Bayes-optimal learning of an extensive-width neural
network from quadratically many samples

A. Maillard, E. Troiani, S. Martin, F. Krzakala, L. Zdeborova

The Nuclear Route: Sharp Asymptotics of ERM in
Overparameterized Quadratic Networks

V. Erba, E. Troiani, L. Zdeborova, F. Krzakala

Bayes optimal learning of attention-indexed models

F. Boncoraglio, E. Troiani, V. Erba, L. Zdeborova




