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i x

d ) = Tr[G ̂A] 
G ∼ GOE(d)
A⋆ ∼ 𝒲p⋆,d

Minimise 

y = Tr[GA⋆] + Δζ

n

∑
μ=1

(yμ − ̂yμ[W ])2 + λ∥W∥2
F

  L2 regularized quadratic networks

(i) Training: Optimisation with GD is easy, all minima are global minima
[Venturi, Bandeira, Bruna ’19]

n

∑
μ=1

∥(A⋆ − A)Gμ + Δζ∥2
F + λ∥A∥*

(ii) Equivalent to a (convex) matrix compressed sensing with a nuclear norm regularisation
[Fazel,  Candes,  Recht,  Parrilo ’08; Donoho,  Gavish, Montanari ’13; Gunasekar,  Woodworth,  Bhojanapalli, Neyshabur, Srebro ’17]
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i x

d ) = Tr[G ̂A] 
G ∼ GOE(d)
A⋆ ∼ 𝒲p⋆,d

Minimise 

y = Tr[GA⋆] + Δζ

n

∑
μ=1

(yμ − ̂yμ[W ])2 + λ∥W∥2
F

  L2 regularized quadratic networks

(i) Training: Optimisation with GD is easy, all minima are global minima
[Venturi, Bandeira, Bruna ’19]

n

∑
μ=1

∥(A⋆ − A)Gμ + Δζ∥2
F + λ∥A∥*

(ii) Equivalent to a (convex) matrix compressed sensing with a nuclear norm regularisation
[Fazel,  Candes,  Recht,  Parrilo ’08; Donoho,  Gavish, Montanari ’13; Gunasekar,  Woodworth,  Bhojanapalli, Neyshabur, Srebro ’17]

n

∑
μ=1

∥(A⋆ − A)Gμ + Δζ∥2
F + λ∥A∥2

F

(iii) NTK/Lazy is instead equivalent to matrix compressed sensing with a Frobenius norm regularisation
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i x

d ) = Tr[G ̂A] 
G ∼ GOE(d)
A⋆ ∼ 𝒲p⋆,d

y = Tr[GA⋆] + Δζ

n

∑
μ=1

( ̂y[xnew
μ ] − ynew

μ )2 d→∞ 2αδ2 −
Δ
2

n

∑
μ=1

(yμ − ̂yμ[W ])2 d→∞ δ2

4ϵ2
−

λ
2

∂2J(δ, λϵ)

Generalization error Training loss
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Analysis similar to BO:

Different spectral denoiser: shifted ReLU on eigenvalues






p ≥ d
p⋆ = ρ⋆d
n = αd2

Spectrum of  at convergencêA
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  Now what ?!?!

Memorization 
(But min-  norm interpolator)ℓ1

Double descent
Generalization

Interpolation peak

Noisy data, low regularisation

=
n
d2

 Vignette I : spectrum of matrix , lower noiseŴ
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 Vignette I : spectrum of matrix , lower noiseŴ
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 Vignette I : spectrum reproduces deep learning ones!
M. Michael W. Mahoney ‘2020
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 Vignette II : Interpolation threshold & double descent

0.00 0.05 0.10 0.15 0.20 0.25

Sample complexity Æ = n/d2

0.0

0.4

0.8

1.2

Test error (¢ = 0)

Optimal ∏

∏ = 0.4

∏ = 0+

Bayes
optimal

0.0 0.1 0.2 0.3 0.4

Sample complexity Æ = n/d2

1

2

3

4

5

6
Test error (¢ = 0.5)

∏ = 0.1

∏ = 0.05

∏ = 0.02

∏ = 0.01

∏ = 0.005

∏ = 0.001

∏ = 0.0001

∏ = 0+

Optimal ∏

0.0 0.1 0.2 0.3 0.4

Sample complexity Æ = n/d2

0.00

0.05

0.10

0.15
Train loss (¢ = 0.5)

Interpolation threshold 

Largest value of  such that 
a perfect fit with “zero training loss” 
(aka, an interpolator) solution exists

α = n /d2



 Vignette II : Interpolation threshold & double descent

0.00 0.05 0.10 0.15 0.20 0.25

Sample complexity Æ = n/d2

0.0

0.4

0.8

1.2

Test error (¢ = 0)

Optimal ∏

∏ = 0.4

∏ = 0+

Bayes
optimal

0.0 0.1 0.2 0.3 0.4

Sample complexity Æ = n/d2

1

2

3

4

5

6
Test error (¢ = 0.5)

∏ = 0.1

∏ = 0.05

∏ = 0.02

∏ = 0.01

∏ = 0.005

∏ = 0.001

∏ = 0.0001

∏ = 0+

Optimal ∏

0.0 0.1 0.2 0.3 0.4

Sample complexity Æ = n/d2

0.00

0.05

0.10

0.15
Train loss (¢ = 0.5)

Location of the interpolation threshold

as in [Maillard and Bandeira ’24]

Here with the objective a Marcenko-Pastur with parameter ρ⋆
α =
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See also [DL Donoho, M Gavish, A Montanari ’13, Oymak Hassibi ’13, D Amelunxen, M Lotz, MB McCoy, JA Tropp ’14]
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  BO attention is just like quadratic network
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