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Momentum Mechanism

gmin {2(0) =E([#(0;x)]}, where d = parameters
R

(Streaming) Stochastic gradient descent (SGD): Generate a new
data point x;4+1 and update

Ory1 = 0; —y(t, d)VRZ(0r; xe41), (¢, d) learning rate

Momentum Mechanism: History of past gradients
(Momentum) y; = (1 — A(t, d))ye—1 + 71(t, d)VZ(0¢; Xe11),

Orr1 = 0 — 72(t, d) VR (0r; xe11) —73(t, )y,
SGD
e A(t,d) momentum parameter, 7; learning rates
e Widely used within popular algorithms, e.g., Adam algorithm

Short-term Question: What does momentum gain?
Dream Goal: Design new, practical algorithms that
work at scale based on analysis of high-dimensional SGD




Why Momentum?

(Momentum)  y; = (1 — A(t))ye—1 + 1 VZ(0r; Xe11),
Or11 = 0r — 72 VRZ(0r; xe41) =73y,
SGD
Deterministic Optimization (V.Z is full-gradient)
e Benefit: Larger learning rates are stable
e Heavy-ball/Polyak/Classic Momentum: 3 = 1, A = ~; constant
GD + M  accelerates over GD for strongly convex functions

e Nesterov acceleration: Acceleration over GD for non-strongly convex

~ 1 2 ~ -
y(t) = 0Lty (1) =5, y(t) =, A() =2



Why Momentum?

(Momentum)  y; = (1 — A(t))ye—1 + 1 VZ(0r; Xe11),
Or11 = 0r — 72 VRZ(0r; xe41) =73y,
SGD
Deterministic Optimization (V.Z is full-gradient)
e Benefit: Larger learning rates are stable
e Heavy-ball/Polyak/Classic Momentum: 3 = 1, A = ~; constant
GD + M  accelerates over GD for strongly convex functions

e Nesterov acceleration: Acceleration over GD for non-strongly convex
_AH)? s _ =z _ 1 _ 1
n(t) = — 8% %) =9 nt)=g7, Al)=+3

Stochastic Optimization (VZ is stochastic)
e Theory: problems with stability

e SGD+M (classical momentum): A = ~; = 0.1 Why?
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Scaling

Scaling Laws: precise upper and lower bounds on loss

& = function(iterations/samples, parameters/# of neurons)

GPT-4 Technical Report

OpenAIl

A core component of this project was developing
infrastructure and optimization methods that behave predictably across a wide
range of scales. This allowed us to accurately predict some aspects of GPT-4’s
performance based on models trained with no more than 1/1,000th the compute of
GPT-4.

Tange of scales. This aowed Us [Ty predict Some aspects of GP1-8'S
performance based on models trained with no more than 1/1,000th the compute of
PT-d.

e Limitation — compute (not data)
e For given compute budget and infinite data, how do we best allocate
resources (e.g. # neurons in a layer / parameters)?
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6eR
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Scaling Law Question

min {2(0) = Ex[%(0; x)]}, where d = parameters
6eR
Compute cost (flops f) = iterations of alg. (t) x parameters (d)

alpha =0.4, beta =0.4

— D=1,600
—— D = 3,200
—— D =6,400
—— D =12,800

1. Run SGD for t iterations on

’(é_‘, —— D = 25,600
. D = 51,200
dlffel’ent d é __—— compute optimal
a ~ - fixed compute
2. Plot loss, #(0;) as a function  §10- ;
of flops f L INT—

I
104 108 108 1010 1012

flops
Question: Fix # of flops (f) and infinite data.
How should we choose parameters d so that we get the best loss 27(6,)?

d*(f) € argmin 2(1; d)
d
For momentum: Can one provable change the exponent o; over SGD?

d* = § 4



Scaling Law Question

min {2(0) = Ex[%(0; x)]}, where d = parameters
6eR
Compute cost (flops f) = iterations of alg. (t) x parameters (d)

Phase 3: alpha = 1.5, beta = 3.0

— d =100

— d =200

—— d =400

—— d =800

—— d =1,600

—— d =3,200

—==- compute optimal

,4
2

1. Run SGD for t iterations on
different d

2. Plot loss, Z(0;) as a function
of flops §

)

loss P(flops

103 10° 107 10° 101t 1013
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Question: Fix # of flops (f) and infinite data.
How should we choose parameters d so that we get the best loss #2(0,)?

d*(f) € argmin 2(%; d)
d
For momentum: Can one provable change the exponent o; over SGD?

d* = fgl 4



Can we beat SGD?

Belief: Empirical evidence suggests nothing outscales SGD in the
compute-optimality regime.

e Algorithm doesn't matter

e All optimizers give the same exponent! =- Optimizing constants.

Question: Can we devise an algorithm that provable outscales SGD on a
simple loss function?

Deep Learning Scaling

Minimum Validation Loss (Log-scale)

0.93

0.86

—— Depth-10 RHNs, SGD

~—— Depth-10 RHNs, Adam

~=- Depth-10 RHNs, SGD Trend
~==- Depth-10 RHNs, Adam Trend

g(m) = 5.37 m09%4

e(m) = 5.25 Moo

219

o pyo) 2% 277
Training Data Set Size, Number of Chars (Log-scale)

is Predictable, Empirically, Hestness et al 2017



Momentum framework

General Momentum Algorithm (Gen-Mom-Alg): Generate new
sample x¢11

(Momentum)  y; = (1 — A(t))ye—1 + 1 VZ(0r; Xe11),
Ocr1 = 0 — 72 VR(0r; Xer1) — V3V
—_——
SGD
Hyperparameters
() =1, y(t,d) =31+ t)7"d™™, ~3(t,d) =F3d "2 (1 + )",
A(t) =dd ™ (1+t)™ "™

Examples:

e SGD and classical momentum (SGD-M): 4, = constant, indep. of d
S-Nesterov acceleration

e Accelerated SGD (Jain, et al. '18, Li et al '23)

e Dimension-adapted Nesterov Acceleration (DANA): A(t) = §(1 +t)~!



Momentum framework

General Momentum Algorithm (Gen-Mom-Alg): Generate new
sample X1

(Momentum) y: = (1 — A(%))yt—1 + 11 VZ(0¢; Xt 41),

Orr1 = 0t — 72 VR (01 Xt11) — 73V,
N———
SGD

Hyperparameters

M(t) =1, (t,d)=5(1+t)"™d™ ", ~3(t,d) =F3d "2 (1 +t)" ",
A(t)=6d ™ (1 +1t)™"™

What we need to do: Choose hyperparameters so that they are

dimension (d) & time dependent so that we outscale SGD




Simple Model

Power-law Random Features Model (PLRF)
(Maloney, Roberts, and Sully '22)

- () & 1 T T2
eng]llgd {W(Q) = EEX[(X Weo — x b) ]}

with data x € RV embedded in R by random matrix W, target b € R"

W e R4, W; ~ N(0,1/d) v — 00, 20 > 1
Model (a): x; ~ N(0,=2%), Y¥—r>1, 2a<l1
independent over 1 < j < v ~ def

' K< pwwTp,
Targets (B3): bj =" D = Diag(j~® : 1<j < v)



Model continued...

Goal: Compute optimal = ming 33(5, d;a, 3)

Find o1(a, B), 02(, B) s.t. ?*(di*,d*) = §71 & d* € argmin, P(L, d) < 72



Model continued...

Goal: Compute optimal = ming 32(5, d;a, B)

Find o1(e, B), o2(e, B) s.t. P*(L,d*) < §7* & d* € argmin, P(1, d) < 72

Previous work:

alpha =0.4, beta =0.4

| — b=1600
|
| — D=3,200
Bordelon, Atanasov, Pehlevan '24 (Grad. 100 | — D=6400
. f — D =12,800
flow version) 7 | — b-2560
o ! D =51,200
Maloney, Roberts, Sully ‘22 (This model, £ __— compute optimal
N [N = fixed compute
no compute constraint) g )
8" N
Hoffman et al, (Chinchilla Paper) ‘22 3 ~ |
(Compute optimal, empirical) i
Kaplan et al, '20. Babhri et al ‘21 (this 10¢ 10° 10° 10% 107

. flops
model, no compute constraint). e Related to 'source’ and
Lin, et al, 24 (concurrent). Only proved

'capacity’. Minimax optimal
Phase la w/ order 1 target noise for SGD

insufficient (d — oo)



Classical (stochastic) Momentum (SGD-M)

SGD-M: Generate new sample x;1
(Momentum)  y; = (1 — 6)ye—1 + VZ(0r; Xe41),

Orr1 = 0t — 72 VR (01 Xe11) =73V,
~————
SGD

Hyperparameters

Y2(t) = F2d™™,  3(t) =F3d~ "™, A(t) =0 constant, independent of d

Exact same scaling law as SGD! 1

e Equivalent dynamics

Validation loss

SGD Equivalent Learning Rate

SGD 73 7
,y _— ,72 + I~ 0.1
5 0.05
61 — sGD 0.02
e Holds on LSTM with C4 T o+ momentum - 05 oo
SGD + momentum = 0.99
data set 105 1o* 10°  1o° 107  10° 10

Training tokens



Nesterov Acceleration

S-Nesterov: Generate new sample x;;1
(Momentum) y; = (1 — A(t))ye—1 + 71(t, d)VZ(0s; Xe41),

Oir1 =0 — 7 V%(Gt; Xt+1) *’}/3(?57 d))/t;
—_

Hyperparameters: seb

(41 2 "
m(t) =1ty () =4, () =2, A=
Diverges on PLRF for any ﬁ/! see e.g., Theorem 7, (Even, et al., 2021)

alpha = 1.4, beta = 1.0, d = 1,000, batch =1 alpha = 1.4, beta =1.0, batch =1

10°
sgd N ‘
—=. N \\
— dana-constant, ode 102
~—— dana-decay, ode ‘
, 10 \
10~
-6
o L 10
v 3
=10 = 108
1071
-6
10 —— dana-decay
10-12{ — dana-constant
— Nesterov
—— sgd
108 10-14
10° 10° 10° 106 107 10° 10° 10° 10° 107 10° 10" 107
flops flops

10



DANA-constant: Stable Nesterov

(DANA)  yr = (1 —0(1+ t) Y ys_1 + VP(0r; xe41),
Ort1 =0 — 12(t, )V P (0r; xe11) — c3d™ (1 + t) "y,
v3(t,d)
e Momentum: exponent is thresholded by ¢; big § = better, § > 5.
e Learning rate: v(t,d) < %, tr= Zlej_m

tr’

e DANA-constant!: If 3 constant (k3 = 0), need v3(t,d) < 1/d

11



DANA-constant: Stable Nesterov

(DANA)  yr = (1 —0(1+ t) Y ys_1 + VP(0r; xe41),
Orr1 = 0r — 72(t, d)VP(0r; xe11) — c3d” " (1L + 1) ™y,
73(t,d)
e Momentum: exponent is thresholded by J; big § = better, § > 5.
e Learning rate: v(t,d) < %, tr= Zlej_m

tr’

e DANA-constant!: If 3 constant (k3 = 0), need v3(t,d) < 1/d

Problem: Need t = d for momentum to have any effect

alpha = 1.25, beta = 2.0, 6 =5.40, d = 500

DANA-constant behaves
like SGD for t < d

!Related algorithm (Varre & Flammarion, '22), (Paquette?, '21) 11



DANA-decaying: Improving DANA-constant

(DANA) ye =1 =01+ t)"Yyr1 + VR(0r: xe11),
Brs1 = 0 — 72(t, )VR(0r; xe1) — c3d (1 + t) "2y,
—_——
v3(t,d)

e Momentum: exponent is thresholded by J; big 0 = better, § > 5.

e Learning rate: 1(t,d) < 1, tr= Zlej_m

e DANA-decaying?: v3(t,d) = (1 + t)~ /() verge of stability

12



DANA-decaying: Improving DANA-constant

(DANA)  ye = (1= (1 + ) ")ye-1 + VR (0e; xer1),
Orr1 = 0r — 72 (t, d)VRZ(0r; Xey1) — cad™ "2 (1 + t) ™y,
S N

vs3(t,d)
e Momentum: exponent is thresholded by ¢; big § = better, § > 5.

e Learning rate: 1(t,d) < 1, tr= Zlej_zo‘

e DANA-decaying?: y3(t,d) = (1 + t)~ /() verge of stability

a=17,B8=1.0,d=2800,ys(t)=(t+1)"
—— theory, dana-decaying, s(t)
theory, sgd
102 —— theory, dana-constant
~—— theory, dana-decaying, k3 = 1.0/(2*a) 07

— the t K2 = 1.0
—— theory, dana-decaying

J

o1 Ton

10° 10° 0°
flops

’73(1', d) = @
2Related heuristic (Yarotsky & Velikanov, '24)

12



DANA-decaying: Improving DANA-constant

(DANA)  ye = (1 =01+ t) Dye_1 + VZ2(0s; xe41),
Ori1 = 0r — 12(t, )VRZ(0r; Xe11) — c3d™ (L + ) ™y,
v3(t,d)
e Momentum: exponent is thresholded by J; big 6 = better, § > 5.
e Learning rate: y»(t,d) < %, tr = Zlej_z"

tr’

e DANA-decaying?: v3(t,d) = (1 + t)~ /() verge of stability

o DANA-decaying fixed
DANA-constant’s problem

o (k2,k3) = (0,1) = Schedule-free
SGD (no acceleration)

H
10° 10° 10° 10° 107 10° 10°  10%°
flops

2Related heuristic (Yarotsky & Velikanov, '24)

12



Summary Statistics

Summary statistics: (};, wJ)J , eigenvalue-eigenvector pair of
WTD2W e RI%d, (©¢, Yt) is ‘continuized’ version of (0, yt);
D = Diag(i=®,i=1,...,d), b= Wb+ bst. WID2b=0

pj(t) = E[(w, 0 — b)|W], & (t) = E[(w}?, Yo)|W]
and  x;(t) = E[(w}, Y: @ (6: = b))|W]

Note: E[2(O.)|W] = ij )+ E[2(0s)| W]

13



Summary Statistics

Summary statistics: (};, wJ)J , eigenvalue-eigenvector pair of
WTD2W e RI%d, (©¢, Yt) is ‘continuized’ version of (0, yt);
D = Diag(i=®,i=1,...,d), b= Wb+ bst. WID2b=0

pj(t) = E[(w, 0 — b)|W], & (t) = E[(w}?, Yo)|W]
and  x;(t) = E[(w}, Y: @ (6: = b))|W]

Note: E[2(O.)|W] = ij )+ E[2(0s)| W]

For each ()\j,wj), there exists a 3 x 3 system of linear ODEs

d PJ2 PJZ '72’\j
= | & ] =Ai(t.d). A(e,d). ) | & | + wgoxj E[2(©:)|W]
Xj Xj
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Summary Statistics

Summary statistics: (};, wJ)J , eigenvalue-eigenvector pair of
WTD2W e RI%d, (©¢, Yt) is ‘continuized’ version of (0, yt);
D = Diag(i=®,i=1,...,d), b= Wb+ bst. WID2b=0

pj(t) = E[(w, 0 — b)|W], & (t) = E[(w}?, Yo)|W]
and  x;(t) = E[(w}, Y: @ (6: = b))|W]

Note: E[2(O.)|W] = ij )+ E[2(0s)| W]

For each ()\j,wj), there exists a 3 x 3 system of linear ODEs

d PJ2 PJZ '72’\j
= | & ] =Ai(t.d). A(e,d). ) | & | + wgoxj E[2(©:)|W]
Xj Xj

e SGD: Only pf and A(t. \j. d) € R and so explicit
e Much harder for momentum = Duhamel’s principle

13



Volterra Equation

Theorem (C.P.-E. Paquette-Xiao-Pennington, '24) Let K = DWW D, D = Diag(j~ ).

Expected loss under Gen-Mom-Alg. satisfies a Volterra equation

E[Z(0:) |W] = F(©:) + A +E[Z(O;) |W]

full —batch variance/noise

e Forcing function: .Z(t) = (Db)" (Db)
o Kernel: J# (t,s) =

14



Volterra Equation

Theorem (C.P.-E. Paquette-Xiao-Pennington, '24) Let K = DWW T D, D = Diag(j~%).

Expected loss under Gen-Mom-Alg. satisfies a Volterra equation

E[2(0,)|W] = F(©:) + #+E[P(0,)|W]

full — batch variance/noise

e Forcing function: .Z(t) = (Db)Tf(t, d, eigs. K)(Db)
o Kernel: J# (t,s) = g(t,s, d,eigs. K)
Idea: Replace K w/ deterministic equivalent (E ,/[(K — 2z) '] = R(z), z € C)

m(z) &ef éﬂy where  R(z) def Diag( -

—2am z z? = =
45 2 1172017,,1() (=)=

14



Volterra Equation

Theorem (C.P.-E. Paquette-Xiao-Pennington, '24) Let K = DWW T D, D = Diag(j~®).

Expected loss under Gen-Mom-Alg. satisfies a Volterra equation

E[Z(0:) W] = F(O) + A +E[Z(O:) W]

full — batch variance/noise

e Forcing function: .Z(t) = (Db)Tf(t, d, eigs. K)(Db)
o Kernel: J# (t,s) = g(t,s, d,eigs. K)
Idea: Replace K w/ deterministic equivalent (E ,/[(K — z) '] = R(z), z € C)
Deterministic equivalent solves convolution Volterra equation
P(t) = F(t) + (K«P)(t).
S~~~ N——
full-batch  variance/noise

e Forcing function: F(t) % —1/(2r) § f(t, z)(Db)TR(z) Db) dz

o Kernel: K(t,s) & —1/(2ni) § g(t, s, 2)R(z) dz

14



Volterra equation vs. Gen-Mom-Alg

s ) s
Expnent 0.667 (Measurement) vs 0.643 (Theory) 100
10°
1071 10-!
. 10-2
0 107
2 2107
27 s =
s - 107
= 10| — S6D:(a, B)=(0.7,0.9)
- Volterra 10-5
10°5 | === Compute-Optimal Frontier
====- Prediction f(x) = 19.2x~957 107°
0 :
10t 10 10 10
\ ) \

DANA-constant: (¢, 8) =(0.7,0.8)

—— Empirical (10 seeds)

Simplified ODE
Empirical exp = -0.64,
< Theoryexp =-0.64
10° 10° 107 10° 101

Flops

flops (x-axis) vs. training loss (y-axis)

Volterra equation is a good predictor of Gen-Mom-Alg.

behavior!

15



Bounding the Volterra

Theorem (C.P.-E. Paquette-Xiao-Pennington, '24) Suppose stable algorithm.
There exists an M > 0 large and constants ¢ = ¢(«, 8, M),
C = C(«, B, M), independent of d, so that for all admissible v and d, for

all v¢ > M,
1 forcing func. kernel func.
cx (F(t)+=-K(t) <P(t) < Cx( F(t) += K(t)
Yy N~ Y N
full batch SGD noise
Remarks:

e v =2 (DANA) and v, + % (SGD-M)
e Suffices to understand forcing function, &, and kernel, K

e Need assumptions on learning rates 7; and momentum parameter
A(t) (e.g., decreasing in t) for Gen-Mom-Alg.

16



Bounding the Volterra

Theorem (C.P.-E. Paquette-Xiao-Pennington, '24) Suppose stable algorithm.
There exists an M > 0 large and constants ¢ = ¢(«, 8, M),
C = C(«, B, M), independent of d, so that for all admissible v and d, for

all v¢ > M,
1 forcing func. kernel func.
cx (F(t)+=-K(t) <P(t) < Cx( F(t) += K(t)
Yy N~ Y N
full batch SGD noise
Remarks:

e v =2 (DANA) and v, + % (SGD-M)
e Suffices to understand forcing function, &, and kernel, K
e Need assumptions on learning rates 7; and momentum parameter

A(t) (e.g., decreasing in t) for Gen-Mom-Alg.

Stability conditions:
F is bounded and || X||,, < 1.

16



Estimating forcing F and kernel X

Force: F(t) = Fo(0(t))+Fpp(0(t))+Fac (9(t)) & Kernel: K(t) =< K,p(9(t))

Explicit (w/ simple formulas), and given by ¢ x t~7d~7, some ¢, 7,0 > 0

17



Estimating forcing F and kernel X

Force: (t) = Fo(0(t))+F pp(9(t))+TFac(9(t)) & Kernel: K(t) = K,p(9(t))

Explicit (w/ simple formulas), and given by ¢ x t~"d~?, some ¢, 7,0 > 0

-
alpha = 1.0, beta = 0.8, d =500, v=2,500

<%(Z; DVV‘/VTD)7 (D1/2b)®2>7 D = Dlag(_jia) 104 I empirical

—— deterministic equivalent
102
2 2 0 . 10°
1. Fo(t) = Fo(0) irreducible loss level 1
= 1072
2. F,p(t) spikes (pure point part) 2 10
~ T
3. Fac(t) result of feature 10
. . . 10-8
misalignment, matrix W causes )
"
leading features to be distorted T w”“!,-w.“ﬂ” TR
eigenvalues
| J

17



Estimating forcing F and kernel X

Force: F(t) = Fo(0(t))+Fpp(9(t))+Fac(9(t)) & Kernel: K(t) = K ,p(9(t))

Explicit (w/ simple formulas), and given by ¢ x t~7d~7, some ¢, 7,0 > 0

1. Jo(t) = Fo(0) irreducible loss 1 alpha = 1.0, beta = 0.8, d =500, v=2,500
|eVe| 10t : ::tz:'nnswilistic equivalent
A . . 102
2. Fpp(t) spikes (pure point part) .
~ .
3. Fac(t) result of feature >
misalignment, matrix W causes g 1074
o o el -
leading features to be distorted 10%¢
A 1078
4. Kpp(t) excess risk due to 1 unit i
: octed | o B
of noise, projected into the 10 1% 10¢ 10° 10 10T 100 1o}
g . eigenvalues
eigenspaces of the outliers L )

17



Compute-Optimal Curves

Force: J(t) = Fo(t) + Fpp(t) + Fac(t) & Kernel: K(t) = K,p(t)

Explicit (w/ simple formulas), and given by ¢ x t~"d~?, some ¢, 7,0 > 0

Dominant terms

high-d Phase I: fp(t) = ?pp(t) + éfo .
line Phase Il:  P(t) < Fpp(t) + Fac(t) + Fo
005 Phase IIl:  P(t) < Kpp(t) + Fac(t) + Fo

Phase IV:  P(t) < Fop(t) + Kop(t) + Fo

Theorem: Let v = 7, (DANA) and 72 4+ % (SGD-M) and let
gef | 1+202+ F)t, 2 SGD-M,
14 27t + (fot V3(s) ds) ,  DANA-constant/ DANA-decaying

Then P(t) = F(I(t)) + K (@D(t)).
18



Compute-Optimal Curves

Force: F(t) = Fo(t) + Fpp(t) + Fuc(t) & Kernel: K(t) < Kpp(t)

Dominant terms

A SGD/SGD-M: — 1~
DANA-constant: -
high_d \ DANA-decaying: - -2
A
line s \
S I ,{7,,,,(1;11)
o N
0.25 v
et . ‘. o
= LY IS F o (t;d)
v -,
A .
el Fold)
T e/

v

t=d log(t)
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Phase la: alpha = 1.4, beta = 0.3, 6 =271

Phase lla: alpha = 2.0, beta = 1.0, 6 =3.50

Phase IIb: alpha = 0.7, beta = 0.6, 6 =3.29

" dana-decay, ode

—dana-decay, ode

3+v6
0.75
high-d
line
2—2

o — dana.constant ode 107
1072 107>
1072
107>
107 102
LN 1
107
10 2 10 £
1075
10-1
107 107",
1073
o] — dona-decaying, compute curve — danadecaying, compute curve 1077} — dana-decaying, compute curve
207191 Z_ danaconstant, compute curve 10715 ==+ dana-constant, compute curve ~ dana-constant, compute curve
sqd, compute curve S 594, compute curve N 10-8) -vv: 590, compute curve
1 100 100 107 169 10 100 17 107 108 o 100 100107 107 10% 107
flops flops
A
10o._Phase lla: alpha = 1.4, beta = 3.0, 6 =6.57 Phase llib: alpha = 0.7, beta = 1.5, 6 =5.86
— " dana-decay, ode N S — dana-decay, ode
— dana-constant,ade 107 — dana.constant. ode
102
102
10 \ 1072
107 10
7}
210
103
105
1070
107
12|/ danadecaying, compute curve — dana-decaying, compute curve
10771122 dana-constan, compute curve 1078 —~. gana-constan, compute curve:
590, compute curve <gd, compute curve
10

oo

° 16 100 100 107

flops

107 10° 107 10° 10" 108 10°
flops

DANA only outscales SGD above the high-dimensional line, 2a: > 1!
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Improved Benefit

Components: Fo(t), Fpp(t), Fac(t), Kpp(t)
——r
full batch alg. noise

Define: p%&2a+28+1
Phase Il: (28>1& a > B & 2a > 1)
SGD/SGD-M! 7°/(20) \y g=1=141/(20) \/ g =20
DANA-decaying, r; > -~ t (P/QRa)Crs)yy g=1p=(2mm)(1-1/(20) ) g—2

2¢

Phase Ill: (286> 1& a <8 & 2a > 1)
SGD/SGD_MI t72+1/(2a) vV d71t71+1/(2u) V. d72o¢
DANA'decaying, K3 % t—(2—l/(2(¥))(2 K3) V, d71t7(2 k3)(1-1/(2c) vV d—2(¥

2a
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Improved Benefit

Components: Fo(t), Fpp(t), Fac(t), Kpp(t)
——r
full batch alg. noise

Define: p%&2a+28+1
Phase Il: (28>1& a > B & 2a > 1)
SGD/SGD-M! 7°/Cx) y g=147141/(20) \ g—2a
DANA-decaying, r; > -~ t (P/QRa)Crs)yy g=1p=(2mm)(1-1/(20) ) g—2

2¢

Phase Ill: (286> 1& a <8 & 2a > 1)
SGD/SGD_MI t72+1/(2a) vV d71t71+1/(2u) V. d72o¢
DANA'decaying, K3 > % t—(2—l/(2(¥))(2 K3) V, d71t7(2 k3)(1-1/(2c) vV d—2(¥

2¢

e No random matrix W drop J,. (Cui et al '21), (Carratino et al '22),
(Caponnetto et al, '07), (Yarotsky et al '24), (Varre et al '22), (Lin, et al '24),
(Bordelon et al '24), (Dieuleveut et al '16)

e Ridge Regression (w/ W) replace K, = Fpp (Defilippis et al '24) ,
1



Full DANA Class

(DANA)  yr = (1 =61+ t) yee1 + VP2(0r; xe11),
9t+1 = 9[» — Vz(t)V@(Gt, Xt+1) — C3d7'€2(1 + 1.')7'€3 Vi,
—_————

3

Plot of log,(time to reach irreducible loss), 2a > 1

22

sGD e Other stable scaling rules in the DANA

Divergence
—— Stability boundary
SGD boundary

°
i

class (above red line)

e DANA stability boundary (red) at
k2 = —2aks3 + 1 and divergence below

N
o

o
logs (steps to reach optimum)

©

=
<

o DANA takes same number of iterations as
SGD at (pink) line, k2 > 2a(1 — k3)

o

=
n

" bANAdecaying : e |terations to reach irreducible loss,
. . 2 (4o
DANA-decaying is optimal ghor/eml) o gatl/2 o R
—— N—— ~—~
(e_g‘ fewest iterations to DANA-decay DANA-constant SGD

optimum, best loss exponent)
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2-Layer LSTM on Language Data

Validation Loss
°
S
Validation Loss
o

— SGD

DANA-decaying k3=0.7

s 0.0 a4 DANA-decaying loss exp = -0.062
- DANA-decaying —— SGD loss exp = -0.059
1lell 1e13 1e15 1e17 le19
] 0 5 g 7 g g o
LOSIRLY 1°Train1igg Tolans L0 IO Flops (6 * non-embed params * tokens)
0. -
B! .
\a -0.06 = e
6.0 =
55
8 so0
£ 45
4.0

08 07 06 05
DANA-decaying &

DANA-decaying works on language datasets!

(C4 dataset, C. Raffel, et. al.)
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Practical considerations

DANA-decaying y: = (1 — 6(1+ t) )y,1 + VZ(0r; xer1),
0t+1 - Ht - A/Z(t)v%(et,xt+1) — C3(1 + t)fﬂ?; yt7
—_——

. 7
Practical hyperparameters For k3: don't know data exp. «
® 7, = learning rate SGD e For PLRF, k3 = 1/(2)
e Constant ¢z = 72 (SGD) e Can sweep across #3 and
e ( large, 8 is good find one that is stable
K3 100 a=17,=10d= BO(.), Yz(t’) = 1t+|1i”(‘
10 :; —— theory, dana-decaying, s(t) <
2 10 R | s el W 0s
.8 08 ~—— theory, dana-decaying, ks = 1.0/(2*a) n7%
E B 0 063
57 065 X 052
£ e . 0s§
S { o 032
J g; 107% / °2§
5 |k 013
~ DANA-decaying == B T T T ©
10° 10% 10° 105 107 10° 10° 10%° flops

Training Tokens.

LSTM with C4 dataset PLRF
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Practical considerations

DANA-decaying y: = (1 — 6(1+ t) )y,1 + VZ(0r; xer1),
Orr1 = 0r — 72(t)VR(0r; xe11) — c3(L + )7 ya,
—_——
3

Practical hyperparameters Transferability of -3 across

e 7, = learning rate SGD model sizes (d)

e Constant c3 = 7, (SGD) e Model size d not well

] defined for real architectures
e § large, 8 is good
e ~3 does not depend on d

Loss Exponent

Same k3 works across

6.0

7| =on  different model sizes!

4096
2048

5.5

1024
512

e LSTM with C4 dataset

5.0

Final loss

45

4.0

10 079 08 07 06 05
DANA-decaying k3
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Open Problems

e What are the fundamental algorithm barriers? If you change
algorithms, can you change the scaling laws?

e Incorporate new momentum strategies inside more practical
algorithms

e Evidence suggests that the (standard) architectures don't change the
data-complexity, . Why does this happen?

25



Thank youl!

D. Ferbach, K. Everett, G. Gidel, E. Paquette, C. Paquette. Dimension-adapted
Momentum Outscales SGD; arXiv: https://arxiv.org/abs/2505.16098

E. Paquette, C. Paquette, L. Xiao, J. Pennington. 4+3 Phases of Compute
Optimal Neural Scaling Laws; NeurlPS 2024
https://openreview.net/forum?id=aVSxwicpAk&noteIld=4mjoq2kral
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The Phases

A

loss curve

3 Phase | A Phase Il A Phase Il
\ o\ .
\f,,p < \?pp < \Kpp
o o
\ ~ @ \\ :Tac § \\ :Tac
§| Jo == J = Jo
- Ll -
flops flops
4 Phase IV
L\
> (s
high-d ::.: \I””
line \
(7]
0.25 § \:KPP Fy
;
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Other Observations

s N "
Loss Exponents, B = 0.7 50‘60
1.2} — SGD - Predicted £0.55 s ' . 4
217 S0 hpproscn 1 g ! — b edaes a- 10
1.0/ — dana-decaying - Predicte 2 ? — dana-decaying - Predicted
g 0.45 i i
£ s 5040 + + 3
29 07 08 09 10 11 12 13 14
3
1506 2000 1 1 T ] i T i
g g
3 2055 T~
s .
0.4 %0.50{+ T
o !
g
{ 2045 i ¥
02" a
0.40
025 050 075 100 125 150 1.75 2.00 07 08 09 10 11 12 13 14
Alpha Values Beta Values
(. J

Good match across compute-optimal exponents!

DANA-decaying uses less data to reach compute-optimality!
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Dimension-adapted Momentum

Dimension-adapted Nesterov acceleration (DANA) At each iteration
generate new xi1 from distribution,

ye =1 —A(t)yi—1 + 11(t)VP(0r; Xe41),
Ory1 = 0t — 12(t)VP(0r; xe41) — Y3(t) e,

Hyperparameters
() =1, 72(t) =%d™™, (t) =Fd (1 +1)7"™,

A(t)=6(1+t) !

e SGD and classical momentum (SGD-M): 7, = constant, indep. of d
e Nesterov acceleration; (does not converge)
o Accelerated SGD (Jain, et al. 18, Li et al '23)

Question: What does momentum gain?
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DANA outscales

alpha = 1.2, beta = 0.7

10°
100 alpha = 1.25, beta = 2.0, 6 =5.40, d = 500 100 o [—
107t 1072 1072,
10 10 107
]
- . 2 10~
ot 51 2
= T 1075
10 1075
107
1075 107
1077
10- 10012
! 10" To* “To® 105 107 10° 10° 10
B (O U T T T T I T 7 10° 107 10° 100 107 flops
flops flops

Adam (Kingma, etc) &

DANA & SGD Scaling behavior
DANA

Choosing dimension-dependent/data-dependent hyperparameters,
DANA can outscale SGD!
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2-Layer LSTM on Language Data

Validation Loss
°
S
Validation Loss
o

— SGD

DANA-decaying k3=0.7

s 0.0 a4 DANA-decaying loss exp = -0.062
- DANA-decaying —— SGD loss exp = -0.059
1lell 1e13 1e15 1e17 le19
] 0 5 g 7 g g o
LOSIRLY 1°Train1igg Tolans L0 IO Flops (6 * non-embed params * tokens)
0. -
B! .
\a -0.06 = e
6.0 =
55
8 so0
£ 45
4.0

08 07 06 05
DANA-decaying &

DANA-decaying works on language datasets!

(C4 dataset, C. Raffel, et. al.)
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