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° — ~ pm
Collect Data S = {zy, 23, ..., Z;} ~ D Examples:

SGD: h,,, = h, — Vloss(z;h,), z~ S

* Learn h by running a time-invariant Markov chain based on S:
* Inith ~ py(:;S)
* hepqlhe ~7( | S) (orincontinuous time)

Langevin: dh; = —VLs(h,)dt + \/%th




° — ~ pm
Collect Data S = {zy, 23, ..., Z;} ~ D Examples:

SGD: h;,; = hy — Vloss(z;hy), z~ S

* Learn h by running a time-invariant Markov chain based on §:
* Inith ~po(+S)
* hepqlhe ~7( | S) (orincontinuous time)

Langevin: dh; = —VLs(h,)dt + \/%th

Can we bound the generalization gap?
|Ls(he) — Lp(he)|
1 N
Ls(h) = EZloss(h; Z;) Lp(h) = E,. ploss(h; z)

Main tool: PAC-Bayes Bound
For any base measure/”prior” v (over h),

with probability = 1 — § over § ~ D™, = KL(p|lv) = —Inv(hs) « #bits to describe hg
foranyp(h;S5), _ In|#¢]

Special case: p(h; §) = 8y, point mass on single hg

KL(p(;9)|v) +1In1/
2m

If v(h) uniformon H ]

Eppsy)lLp(h) — Lg(h)] < \/

"




* CollectData S = {zy,25, ..., 25} ~ D™

* Learn h by running a time-invariant Markov chain based on §:

* Inith ~po(+S)

* hepqlhe ~7( | S) (orincontinuous time)

Can we bound the generalization gap?
|Ls(he) — Lp(he)|

Examples:

SGD: h;,; = hy — Vloss(z;hy), z~ S

Langevin: dh; = —VLs(h,)dt + \/%th

Att = oo, perhaps dp,, o e~ Y™ dy

N : :
Ls(h) = %Zloss(/vh;zi) Ly (h) = E,._ ploss(h; 2) E.g. for (regularized) Langevin W(h) = BLs(h)

=0 =0

Main tool: PAC-Bayes Bound
For any base measure/”prior” v (over h),
with probability=1 — § over S ~ D™,
foranyp(h;S5),

D KL(poo|[v) + KL(V[[pen) = BEyLs(h) — FE,_Ls(h)

BE,Ls(R) + Inl/s

KL(p(;9)|v) +1In1/

E[Lp(he) — Ls(hc)] S\/

2m

2m

Eppsy)lLp(h) — Lg(h)] < \/

Theorem: if p is Gibbs wrt g, i.e. dp < e~ *dq then |

KL(plla) + KL(qlp) = Eq¥ — Ep¥ [ 1751
Z

Proof:
_ dp dp _
= Eplngl + EqIn s = By [ — IN[+Eq [ + 1] ‘




Second Law of Thermodynamics a la Thomas Cover:

for any stationary pe:  KL(P4+1llPo) < KL(P¢l|Po)

in any time-invariant Markov Chain
[Which processes satisfy the second law?, in Physical Origins of Time Asymmetry 1994]

Proof: Consider two joint distributions over pairs of variables in the chain

h hy
p(h, hy) where h~pyand hy |h~7(: | ) A g
q(h, hy)where h~p,, and h|h~7r(-| ) o o— >

data processing

KL(pes1llpew) = KL(p(R ) Nlg(hy)) < KL(p(h, h)|lq(h, hy))

= KL(p(W)lq(h)) + Emmwp) = KL(p¢|lpeo)



Second Law of Thermodynamics a la Thomas Cover:

for any stationary p,:  KL(P¢llpe) < KL(PollP) ( dp
LKLM(pIIq) = E, [lnﬁl ]

KL(PIv) = KL(®¢lIPeo) + KLy, oo [IV) < KL(DolIPeo) + KLy, (PeoV)
= KL(pollv) + KLy, (V||[Peo) + KLy, (0eollv) < KL(pol[V) + Ep, ¥ —Ep, ¥

>0
Theorem: if p is Gibbs wrt g, i.e. dp o e~ *dq then dpe, o< e~ Fdv ] :
KL,u(p”q) + KLn(q”p) — IEnLIJ - [E/,LLP : . : T
Proof: If exists stationary distdp,, x e~ *dv,¥ = 0
= Eﬂlng—z+ E, lng—z = Ey[-¥ —InZ] + E,[¥ + InZ] > KL(p:llv) < KL(pollv) + E, ¥

Conclusion: For any time-inv data-depndnt Markov Process with some stationary distribution ps (+; ) that
is Gibbs w.r.t. a fixed (non data dependent) v with potential W(h; S) = 0, with prob>1 — § over S ~ D™

E p, P(h) + KL(po V) +In1/5 B +1n1/;
m R m

Ep,[Lp(he) — Ls(he)] < \

If po Nnot data dependent,
dpe, o e Prsdpy, E, L < 1




In-Expectation PAC-Bayes Bound
For any (data independent) v and data dependent pg,
with probability=1 — § over S ~ D™

KL(psllv) + In1/s
m

Ep~pslLlp(h) — Ls(h)] < \/

_ supin®
Deo(pll) = supIng:

Single Sample PAC-Bayes Bound

For any (data independent) v and data dependent pg,

with probability > 1 — § over S ~ D™ AND h~pg

dps 1 1
In== (h) + In Do, (psllv) +1Int/
Lp(h) — Lg(h) s] dv /5s 0
2m 2m

based on [Alquier 2024]

Doo | 2m
(L (W) L) < 2P+ 1" s




Second Law of Thermodynamics (pointwise):

Doo(pt“poo) < Doo (pO“poo)

Theorem: if p is Gibbs wrt g, i.e. dp < e~ *dq then
Do (pllq) + Do (qllp) = sup ¥ — inf¥

d
If exists stationary dist dp,, < e~ *dv, ¥ > 0 Do (pllq) = sup lnd_z
> Do (Pllv) < Do (pol|v) + sup ¥

Single Sample PAC-Bayes Bound

For any (data independent) v and data dependent pg,

with probability > 1 — § over S ~ D™ AND h~pg

L) — L (h)<\/ln%(h}+ln1/5<\/Doo(PS”V)"‘lnl/(S
D LS — -

2m 2m

Doo | 2m
KL (W)Lg) < 2P +1n s




Second Law of Thermodynamics (pointwise):

Doo (pt“poo) < Doo (pO ”poo)

Theorem: if p is Gibbs wrt g, i.e. dp < e~ *dq then
Do (pllq) + Do (qllp) = sup ¥ — inf¥

dp
If exists stationary distdp,, < e~ *dv, ¥ > 0 Do (pllq) = sup lnd_q
> Doy (p¢llv) < Doo (pol|v) + sup ¥

Conclusion: For any time-inv data-depndnt Markov Process with some stationary distribution p, (+; S) that
is Gibbs w.r.t. a fixed (non data depndnt) v with potential 0 < W(h; S) < f, with prob > 1 — 6 over S, h;:

B+ Do(polv) +In/s 1p+1In'/s

m s\ m

Lp(he) — Lg(he) < N

po not data dependent,
dpo, o e PLsdp,, L, < 1




Application to Langevin Dynamics

dht — _Vﬁs(ht)dt + \/%th

= dp,, x e BLs



Application to Langevin Dynamics

* Reflective Langevin Dynamics on Bounded Domain:
“We are approaching AGl and it’s not clear

dh; = —VLs(h;)dt + \/% dW; + dr; that knowing this tighter bound will get us
closerto that” -Reviewer2 (of another paper)
> dp,, x e PLsdv , p, = v Uniform on box
* Regularized Langevin Dynamics: Thejourney iS h 5 ff the reward

dh, = —VLs(h,)dt + \/%th - %htdt

> dpy, x e BLsdy |, py =v =N (0,171])

1
In both cases: Ej,.p, [Lp(h) — Ls(h)] < \/ , withw.p.> 8, Ly (h) < Le(h) + Jﬁ sup f;iﬂn /s

Paper Trajectory dependent  dimension dependence Bound (big O)
Mou et al. [40] v through gradients \/ % - % g?
Li et al. [32] X through K S PVE 2 K'=Lip const
: Ls<C
Futami and Fujisawa [16] v through gradients %8850 cy/ i g3 S =
Ours (11) X X \/%-\/6
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KL(P¢llpeo) < KL(pollpoo)

Second Law of Thermodynamics
Doo(pt“poo) < Doo(pO“poo)

If p is Gibbs wrt g, i.e. dp « e~ *dq then
KL(pllq) + KL(qllp) = Eq¥ — E,¥

Do (pllg) + Do (qllp) = sup ¥ — inf ¥

If exists stationary dist dp,, < e Ydv,¥ >0
KL(p:llv) < KL(pollv) + E, W
Do (pellv) < Do (pol[v) + sup ¥

For any time-inv data-dependent Markov Process with some stationary distribution p,, (+; S) thatis Gibbs
w.r.t. a fixed (non data dependent) v with potential W(h; S) = 0, withprob>1 — § over S ~ D™:

Ep,[Lp(he) — Ls(he)] < N
And if ¥ < B thenwith prob>1 — 6 over S ~ D™ AND h;:

E py ¥ (1) + KL@polIV) +1n /5

m

B + Do (pollv) +In 1/

,B+1n1/5
m

po ot data dependent,
dpo, o e FLsdp,, Ep,Ls <1

Lp(he) — Ls(he) < N

m
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