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The journey is half the reward



• Collect Data 𝑆 = 𝑧1, 𝑧2, … , 𝑧𝑚 ∼ 𝒟𝑚

• Learn ℎ by running a time-invariant Markov chain based on 𝑆:
• Init ℎ ∼ 𝑝0(⋅; 𝑆)

• ℎ𝑡+1|ℎ𝑡 ∼ 𝑟(⋅ | ⋅; 𝑆) (or in continuous time)

Examples:

SGD: ℎ𝑡+1 = ℎ𝑡 − ∇𝑙𝑜𝑠𝑠 𝑧; ℎ𝑡 , 𝑧 ∼ 𝑆

Langevin: dℎ𝑡 = −∇𝐿𝑆 ℎ𝑡 d𝑡 +
2

𝛽
d𝑊𝑡 



Main tool: PAC-Bayes Bound
For any base measure/”prior” 𝜈 (over ℎ),
with probability ≥ 1 − 𝛿 over 𝑆 ∼ 𝒟𝑚,
for any 𝑝(ℎ; 𝑆),

𝔼ℎ∼𝑝 ⋅;𝑆 𝐿𝒟 ℎ − 𝐿𝑆 ℎ ≤
𝐾𝐿 𝑝 ⋅; 𝑆 ‖𝜈 + ln ൗ1

𝛿
2𝑚

for 0 ≤ 𝑙𝑜𝑠𝑠 ≤ 1

𝐿𝑆 ℎ =
1

𝑚
∑𝑙𝑜𝑠𝑠(ℎ; 𝑧𝑖) 𝐿𝒟 ℎ = 𝔼𝑧~ 𝒟𝑙𝑜𝑠𝑠(ℎ; 𝑧)

Special case: 𝑝 ℎ; 𝑆 = 𝛿ℎ𝑆
, point mass on single ℎ𝑆

➔  𝐾𝐿 𝑝‖𝜈  = − ln 𝜈 ℎ𝑆

 = ln ℋ

If 𝜈(ℎ) uniform on ℋ

∝ #bits to describe ℎ𝑆

𝜈
𝑝 ⋅; 𝑆

• Collect Data 𝑆 = 𝑧1, 𝑧2, … , 𝑧𝑚 ∼ 𝒟𝑚

• Learn ℎ by running a time-invariant Markov chain based on 𝑆:
• Init ℎ ∼ 𝑝0(⋅; 𝑆)

• ℎ𝑡+1|ℎ𝑡 ∼ 𝑟(⋅ | ⋅; 𝑆) (or in continuous time)

Can we bound the generalization gap?

 𝐿𝑆 ℎ𝑡 − 𝐿𝒟 ℎ𝑡
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𝐾𝐿 𝑝 ⋅; 𝑆 ‖𝜈 + ln ൗ1

𝛿
2𝑚

for 0 ≤ 𝑙𝑜𝑠𝑠 ≤ 1

At 𝑡 = ∞, perhaps d𝑝∞ ∝ 𝑒−Ψ ℎ d𝜈
E.g. for (regularized) Langevin Ψ ℎ = 𝛽𝐿𝑆(ℎ)

➔𝐾𝐿(𝑝∞| 𝜈 + 𝐾𝐿(𝜈 𝑝∞ = 𝛽𝔼𝜈𝐿𝑆(ℎ) − 𝛽𝔼𝑝∞
𝐿𝑆 ℎ

𝔼 𝑳𝓓 𝒉∞ − 𝑳𝑺 𝒉∞ ≤
𝜷 𝔼𝜈𝐿𝑆 ℎ  + 𝑙𝑛 ൗ1

𝛿
𝟐𝒎

Theorem: if 𝑝 is Gibbs wrt 𝑞, i.e. d𝑝 ∝ 𝑒−Ψd𝑞 then
𝐾𝐿(𝑝 𝑞 + 𝐾𝐿(𝑞 𝑝 = 𝔼𝑞Ψ − 𝔼𝑝Ψ

Proof:

 ⋯ = 𝔼𝑝 ln
d𝑝

d𝑞
+ 𝔼𝑞 ln

d𝑝

d𝑞

≥ 0 ≥ 0

d𝑝 =
1

𝑍
𝑒−Ψd𝑞

𝐿𝑆 ℎ =
1

𝑚
∑𝑙𝑜𝑠𝑠(ℎ; 𝑧𝑖) 𝐿𝒟 ℎ = 𝔼𝑧~ 𝒟𝑙𝑜𝑠𝑠(ℎ; 𝑧)

= 𝔼𝑝 −Ψ − ln 𝑍  +𝔼𝑞 Ψ + ln 𝑍
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Proof: Consider two joint distributions over pairs of variables in the chain

 𝑝(ℎ, ℎ+) where ℎ~𝑝𝑡 and ℎ+|ℎ~𝑟(⋅ | ⋅)

 𝑞(ℎ, ℎ+) where ℎ~𝑝∞ and ℎ+|ℎ~𝑟 ⋅ ⋅

Second Law of Thermodynamics a la Thomas Cover:

for any stationary 𝑝∞:     𝑲𝑳(𝒑𝒕+𝟏 𝒑∞ ≤ 𝑲𝑳(𝒑𝒕 𝒑∞

in any time-invariant Markov Chain
[Which processes satisfy the second law?, in Physical Origins of Time Asymmetry 1994]

𝐾𝐿(𝑝𝑡+1 𝑝∞ = 𝐾𝐿 𝑝 ℎ+ ‖𝑞 ℎ+ ≤ 𝐾𝐿 𝑝(ℎ, ℎ+)‖𝑞 ℎ, ℎ+

= 𝐾𝐿 𝑝(ℎ)‖𝑞 ℎ + 𝔼ℎ~𝑝𝐾𝐿 𝑟 ℎ+ ℎ ‖𝑟 ℎ+ ℎ = 𝐾𝐿 𝑝𝑡‖𝑝∞

data processing

𝑡 𝑡 + 1

∞ ∞ + 1

ℎ ℎ+



Second Law of Thermodynamics a la Thomas Cover:

for any stationary 𝑝∞:        𝑲𝑳(𝒑𝒕 𝒑∞ ≤ 𝑲𝑳(𝒑𝟎 𝒑∞

Theorem: if 𝑝 is Gibbs wrt 𝑞, i.e. d𝑝 ∝ 𝑒−Ψd𝑞 then
𝐾𝐿𝜇(𝑝 𝑞 + 𝐾𝐿𝜂(𝑞 𝑝 = 𝔼𝜂Ψ − 𝔼𝜇Ψ

Proof:

⋯ = 𝔼𝜇 ln
d𝑝

d𝑞
+ 𝔼𝜂 ln

d𝑝

d𝑞
= 𝔼𝜇 −Ψ − ln 𝑍 + 𝔼𝜂 Ψ + ln 𝑍

𝑲𝑳(𝒑𝒕 𝝂

𝐾𝐿𝜇 𝑝‖𝑞 = 𝔼𝜇 ln
d𝑝

d𝑞

d𝑝∞ ∝ 𝑒−Ψd𝜈

Conclusion: For any time-inv data-depndnt Markov Process with some stationary distribution 𝑝∞(⋅; 𝑆) that 
is Gibbs w.r.t. a fixed (non data dependent) 𝜈 with potential Ψ(ℎ; 𝑆) ≥ 0, with prob ≥ 1 − 𝛿 over 𝑆 ∼ 𝒟𝑚:

𝔼ℎ𝑡
𝐿𝒟 ℎ𝑡 − 𝐿𝑆 ℎ𝑡 ≤

𝔼 ℎ∼𝑝0
Ψ ℎ + 𝐾𝐿(𝑝0‖𝜈) + ln ൗ1

𝛿
𝑚

≤
𝛽 + ln ൗ1

𝛿
𝑚

for 0 ≤ 𝑙𝑜𝑠𝑠 ≤ 1

If exists stationary dist d𝑝∞ ∝ 𝑒−Ψd𝜈, Ψ ≥ 0
➔ 𝐾𝐿 𝑝𝑡 𝜈) ≤ 𝐾𝐿 𝑝0‖𝜈 + 𝔼𝑝0

Ψ

If 𝑝0 not data dependent,
d𝑝∞ ∝ 𝑒−𝛽ℒ𝑆d𝑝0, 𝔼𝑝0

ℒ𝑠 ≤ 1

≤ 𝐾𝐿(𝑝0 𝑝∞ + 𝐾𝐿𝑝𝑡
𝑝∞‖𝜈= 𝐾𝐿 𝑝𝑡‖𝑝∞ + 𝐾𝐿𝑝𝑡

𝑝∞‖𝜈

≤ 𝑲𝑳 𝒑𝟎‖𝝂 + 𝔼𝒑𝟎
𝚿= 𝐾𝐿 𝑝0‖𝜈 + 𝐾𝐿𝑝0

𝜈‖𝑝∞ + 𝐾𝐿𝑝𝑡
𝑝∞‖𝜈

≤
𝛽 + ln ൗ1

𝛿
𝑚

≥ 0

−𝔼𝑝𝑡
Ψ



In-Expectation PAC-Bayes Bound
For any (data independent) 𝜈 and data dependent 𝑝𝑆, 
with probability ≥ 1 − 𝛿 over 𝑆 ∼ 𝒟𝑚

𝔼ℎ∼𝑝𝑆
𝐿𝒟 ℎ − 𝐿𝑆 ℎ ≤

𝐾𝐿 𝑝𝑆‖𝜈 + ln ൗ1
𝛿

𝑚

for 0 ≤ 𝑙𝑜𝑠𝑠 ≤ 1

Single Sample PAC-Bayes Bound

For any (data independent) 𝜈 and data dependent 𝑝𝑆,

with probability ≥ 1 − 𝛿 over 𝑆 ∼ 𝒟𝑚 AND ℎ~𝑝𝑆

𝐿𝒟 ℎ − 𝐿𝑆 ℎ ≤
ln

d𝑝𝑆
d𝜈

ℎ + ln ൗ1
𝛿

2𝑚

𝑘𝑙(𝐿𝑆 ℎ 𝐿𝒟 ≤
𝐷∞(𝑝𝑆‖𝜈) + ln ൗ2𝑚

𝛿
𝑚 for 0 ≤ 𝑙𝑜𝑠𝑠 ≤ 1

𝐷∞(𝑝‖𝑞) = sup
𝑝

ln
d𝑝

d𝑞
 

based on [Alquier 2024]

≤
𝐷∞(𝑝𝑆‖𝜈) + ln ൗ1

𝛿
2𝑚



Second Law of Thermodynamics (pointwise):

𝐷∞(𝑝𝑡 𝑝∞ ≤ 𝐷∞(𝑝0 𝑝∞

Theorem: if 𝑝 is Gibbs wrt 𝑞, i.e. d𝑝 ∝ 𝑒−Ψd𝑞 then
𝐷∞(𝑝 𝑞 + 𝐷∞(𝑞 𝑝 = sup

𝑞
Ψ − inf

𝑝
Ψ 

𝐷∞(𝑝‖𝑞) = sup
𝑝

ln
d𝑝

d𝑞
 

Single Sample PAC-Bayes Bound

For any (data independent) 𝜈 and data dependent 𝑝𝑆,

with probability ≥ 1 − 𝛿 over 𝑆 ∼ 𝒟𝑚 AND ℎ~𝑝𝑆

𝐿𝒟 ℎ − 𝐿𝑆 ℎ ≤
ln

d𝑝𝑆
d𝜈

ℎ + ln ൗ1
𝛿

2𝑚

𝑘𝑙(𝐿𝑆 ℎ 𝐿𝒟 ≤
𝐷∞(𝑝𝑆‖𝜈) + ln ൗ2𝑚

𝛿
𝑚 for 0 ≤ 𝑙𝑜𝑠𝑠 ≤ 1

≤
𝐷∞(𝑝𝑆‖𝜈) + ln ൗ1

𝛿
2𝑚

If exists stationary dist d𝑝∞ ∝ 𝑒−Ψd𝜈, Ψ ≥ 0
➔ 𝐷∞ 𝑝𝑡 𝜈) ≤ 𝐷∞ 𝑝0‖𝜈 + sup Ψ



Second Law of Thermodynamics (pointwise):

𝐷∞(𝑝𝑡 𝑝∞ ≤ 𝐷∞(𝑝0 𝑝∞

Theorem: if 𝑝 is Gibbs wrt 𝑞, i.e. d𝑝 ∝ 𝑒−Ψd𝑞 then
𝐷∞(𝑝 𝑞 + 𝐷∞(𝑞 𝑝 = sup

𝑞
Ψ − inf

𝑝
Ψ 

Conclusion: For any time-inv data-depndnt Markov Process with some stationary distribution 𝑝∞(⋅; 𝑆) that 
is Gibbs w.r.t. a fixed (non data depndnt) 𝜈 with potential 0 ≤ Ψ(ℎ; 𝑆) ≤ 𝛽, with prob ≥ 𝟏 − 𝜹 over 𝑺, 𝒉𝒕:

𝐿𝒟 ℎ𝑡 − 𝐿𝑆 ℎ𝑡 ≤
𝛽 + 𝐷∞ 𝑝0‖𝜈 + ln ൗ1

𝛿
𝑚

≤
𝛽 + ln ൗ1

𝛿
𝑚

for 0 ≤ 𝑙𝑜𝑠𝑠 ≤ 1
𝑝0 not data dependent,

d𝑝∞ ∝ 𝑒−𝛽ℒ𝑆d𝑝0, 𝓛𝒔 ≤ 𝟏

𝐷∞(𝑝‖𝑞) = sup
𝑝

ln
d𝑝

d𝑞
 If exists stationary dist d𝑝∞ ∝ 𝑒−Ψd𝜈, Ψ ≥ 0

➔ 𝐷∞ 𝑝𝑡 𝜈) ≤ 𝐷∞ 𝑝0‖𝜈 + sup Ψ



Application to Langevin Dynamics

 dℎ𝑡 = −∇ℒ𝑆 ℎ𝑡 d𝑡 +
2

𝛽
d𝑊𝑡 + d𝑟𝑡

 ➔ d𝑝∞ ∝ 𝑒−𝛽ℒ𝑆d𝜈  ,  𝑝0 = 𝜈 Uniform on box



Application to Langevin Dynamics
• Reflective Langevin Dynamics on Bounded Domain:

 dℎ𝑡 = −∇ℒ𝑆 ℎ𝑡 d𝑡 +
2

𝛽
d𝑊𝑡 + d𝑟𝑡

 ➔ d𝑝∞ ∝ 𝑒−𝛽ℒ𝑆d𝜈  ,  𝑝0 = 𝜈 Uniform on box

• Regularized Langevin Dynamics:

 dℎ𝑡 = −∇ℒ𝑆 ℎ𝑡 d𝑡 +
2

𝛽
d𝑊𝑡 −

𝜆

𝛽
ℎ𝑡d𝑡

 ➔ d𝑝∞ ∝ 𝑒−𝛽ℒ𝑆d𝜈  ,  𝑝0 = 𝜈 = 𝒩 0, 𝜆−1𝐼

In both cases: 𝔼ℎ∼𝑝𝑡
𝐿𝒟 ℎ − 𝐿𝑆 ℎ ≤

𝛽𝔼𝑝0ℒ𝑆+ln ൗ1
𝛿

𝑚
, with w.p.≥ 𝛿, 𝐿𝒟 ℎ ≤ 𝐿𝑆 ℎ +

𝛽 sup ℒ𝑆+ln ൗ1
𝛿

𝑚

K = Lip const
ℒ𝑆 ≤ 𝐶

“We are approaching AGI and it’s not clear 
that knowing this tighter bound will get us 
closer to that” –Reviewer 2 (of another paper)

The journey is half the reward
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𝐷∞(𝑝 𝑞 + 𝐷∞(𝑞 𝑝 = sup
𝑞

Ψ − inf
𝑝

Ψ 

If exists stationary dist d𝑝∞ ∝ 𝑒−Ψd𝜈, Ψ ≥ 0
𝐾𝐿 𝑝𝑡 𝜈) ≤ 𝐾𝐿 𝑝0‖𝜈 + 𝔼𝑝0

Ψ

𝐷∞ 𝑝𝑡 𝜈) ≤ 𝐷∞ 𝑝0‖𝜈 + sup Ψ

For any time-inv data-dependent Markov Process with some stationary distribution 𝑝∞(⋅; 𝑆) that is Gibbs 
w.r.t. a fixed (non data dependent) 𝜈 with potential Ψ(ℎ; 𝑆) ≥ 0, with prob ≥ 1 − 𝛿 over 𝑆 ∼ 𝒟𝑚:

𝔼ℎ𝑡
𝐿𝒟 ℎ𝑡 − 𝐿𝑆 ℎ𝑡 ≤

𝔼 ℎ∼𝑝0
Ψ ℎ + 𝐾𝐿(𝑝0‖𝜈) + ln ൗ1

𝛿
𝑚

≤
𝛽 + ln ൗ1

𝛿
𝑚

And if Ψ ≤ 𝛽 then with prob ≥ 1 − 𝛿 over 𝑆 ∼ 𝒟𝑚 AND ℎ𝑡:

𝐿𝒟 ℎ𝑡 − 𝐿𝑆 ℎ𝑡 ≤
𝛽 + 𝐷∞ 𝑝0‖𝜈 + ln ൗ1

𝛿
𝑚

for 0 ≤ 𝑙𝑜𝑠𝑠 ≤ 1

𝑝0 not data dependent,
d𝑝∞ ∝ 𝑒−𝛽ℒ𝑆d𝑝0, 𝔼𝑝0

ℒ𝑠 ≤ 1
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