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General setup - Hyperparameter Optimization / Meta Learning

fw(x)
Model

InputParameters

Optimization algorithm

wfinal = F(winitial, u)

Hyperparameters

u* = argminu ϵg(wfinal)

• In general very hard to compute 

• Obtained protocols are hard to interpret

Grid/random searches

Gradient methods

Bayesian approaches
…
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Optimization

Algorithm

Hyper-parameter schedules: 
• Learning rate

• Momentum

• Batch size

• Regularization

• …

Model optimization:

• Gating

• Pruning

• Dropout 

• ….

Dynamic data / task selection: 
• Active learning

• Curriculum learning

• Transfer learning

• Multi-task learning

• …

Structured 

Data / Task

learning protocolsOptimal ?* in the final 
performance *

Architecture
Complex interplay between 

time-dependent protocols and 
nonlinear learning dynamics
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 effective dynamics of 

order parameters

Low-dimensional

·Q = f(Q, u)
w ∈ ℝN

wμ+1 = wμ − ∇ℒμ (uμ)
control


variables 

[ Saad & Solla (1995); Biehl & 
Schwarze (1995); …; Goldt et al 
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High-dimensional 
learning dynamics

Statistical 
Physics

N → ∞

w ∈ ℝN
wμ+1 = wμ − ∇ℒμ (uμ)

 
 effective dynamics of 

order parameters

Low-dimensional

·Q = f(Q, u)control

variables 

(e.g., hyper-parameters, 

data selection …)

u*

Optimal 
control 

High-dimensional 
complex dynamics

Low-dimensional 
effective description

Control theory is 
computationally 

demanding
Control theory can be 

applied

Statistical physics

[ Saad & Rattray (1997) ]

Control theory can 
be applied

+  interpretability

[ Saad & Solla (1995); Biehl & 
Schwarze (1995); …; Goldt et al 
(2019); Veiga et al (2022); Arnaboldi 
et al (2023); … and many more ]

High-dimensional 
complex dynamics

Low-dimensional 
effective description

Control theory is 
computationally 

demanding
Control theory can be 

applied

Statistical physics

Control theory is 
computationally demanding 

Francesca Mignacco, FM, 
arXiv:2507.07907

[ See also: Carrasco-Davis,   


Dimensionality reduction



Setup — Data model

𝒟 = {xμ, yμ}P
μ=1

Dataset

xμ ∼
C

∑
c=1

pc 𝒩 ( μc

N
, σ2

c IN) ∈ ℝN

yμ = f*w*
(xμ) + σn zμ

Teacher Network 
(  hidden nodes)M

w* ∈ ℝN×M

Label noise

zμ ∼ 𝒩(0,1)
x

f*w*
(x)

…

…

1

M
[H. Cui, J. Stat. Mech (2025)]



Two-layer neural network 
(  hidden nodes)K

fw,v(x) =
1

K

K

∑
k=1

vk g ( wk ⋅ x

N )
w ∈ ℝK×M

x fw,v(x)

…

…

1

K

w

v

Setup — Architecture and algorithm



Per-sample cost function

ℒ(w, v |x, y) = ℓ (fw,v(x), y) + g(w, v)

Regularization

functionLoss function
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wμ+1 = wμ − η∇wℒ(wμ, vμ |xμ, yμ)

One-pass SGD

Setup — Architecture and algorithm

Per-sample cost function

ℒ(w, v |x, y) = ℓ (fw,v(x), y) + g(w, v)

Regularization

functionLoss function

Two-layer neural network 
(  hidden nodes)K

fw,v(x) =
1

K

K

∑
k=1

vk g ( wk ⋅ x

N )
w ∈ ℝK×M



[Saad & Solla (1995); Biehl & Schwarze (1995);Goldt et al (2019); Veiga et al. (2022), Arnaboldi et al 
(2023) … and many more]

Skk′￼
=

wk ⋅ wk′￼

N
Mkm =

wk ⋅ w*,m

N
Rkc =

wk ⋅ μc

N

S ∈ ℝK×K M ∈ ℝK×M R ∈ ℝK×C

Q ≡ (vec(S), vec(M), vec(R)) ∈ ℝK(K+M+C)

wμ+1 = wμ − η∇wℒμ(uμ)

One-pass SGD ODEs for the order parameters

N → ∞ , μ → ∞

 with α = μ/N

dQ(α)
dα

= fQ (Q(α), u(α))
μ = 1 , …, P α ∈ [0,αF]

Dynamics of order parameters
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2

Dropout 

1

2

Learning rate

Continual learning

3

3

Stefano Sarao Mannelli
Chalmers University 

Gothenburg University 

Francesca 
Mignacco

CUNY & Priceton

F. Mignacco, FM, arXiv:2507.07907

FM, F. Mignacco, arXiv:2505.07792

FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025

Denoising autoencoder

Batch size

Optimal learning protocols



Forward learning dynamics

Can we compute optimal meta-parameter schedules?

Control 
variable 

Order 
parameters

·Q = f(Q, u)



Variatonal approach

Cost functional:

·Q = f(Q, u) Control 
variable 

Pontryagin’s maximum principle

ℱ[Q, u] = ⟨ ϵg(αF) ⟩

Forward learning dynamics

Order 
parameters



ℱ[Q, Q̂, u] = ⟨ ϵg(αF) ⟩ + ∫
αF

0
dα Q̂(α) ⋅ [− ·Q(α) + f (Q(α), u(α))]Variatonal approach


Cost functional:

Control 
variable 

Forward learning dynamics

Order 
parameters

Pontryagin’s maximum principle

·Q = f(Q, u)



 
Optimal control

Backward dynamics

−
·

Q̂⊤ = Q̂⊤ ∇Q f(Q, u)

Variatonal approach

Cost functional:

Forward learning dynamics

Control 
variable 

Order 
parameters

Costate 
variables

Pontryagin’s maximum principle

·Q = f(Q, u)

ℱ[Q, Q̂, u] = ⟨ ϵg(αF) ⟩ + ∫
αF

0
dα Q̂(α) ⋅ [− ·Q(α) + f (Q(α), u(α))]



u*(α) = argminu(α) Q̂(α)⊤ f (Q(α), u(α))
Optimality condition

 
Optimal control

Backward dynamics

Variatonal approach

Cost functional:

Forward learning dynamics

Control 
variable 

Order 
parameters

Costate 
variables

Pontryagin’s maximum principle

−
·

Q̂⊤ = Q̂⊤ ∇Q f(Q, u)·Q = f(Q, u)

ℱ[Q, Q̂, u] = ⟨ ϵg(αF) ⟩ + ∫
αF

0
dα Q̂(α) ⋅ [− ·Q(α) + f (Q(α), u(α))]



Part I:  Dropout Regularization

F. Mignacco, FM, arXiv:2507.07907
FM, F. Mignacco, arXiv:2505.07792



= remove node with probability 1 − p

Dropout regularization



= remove node (with probability )1−p

Train Test 

w

Always present but rescaled weights

pfw

Dropout regularization



What is the optimal dropout probability?

Train Test 

w

Always present but rescaled weights

pfw

= remove node (with probability )1−p



A teacher-student model of dropout

 1

Student  
(at training step  )μ

…x
ϕ(x)…x

Teacher

w* w
1

y = ϕ(x) + σ z

̂y

z ∼ 𝒩(0,1)

r(1)
μ

r(1)
μ , r(2)

μ , … , r(K)
μ ∼ Bernoulli(pμ)

…x

w

̂y

Node-activation variables

   hidden nodesK
   hidden nodesM

Label noise:

Student  
(at testing time)

pf

   hidden nodesK

Rescaling factor:   pf

r(2)
μ

r(K)
μ

1

n

FM, F. Mignacco, arXiv:2505.07792

y = f*w*
(x)+σn z

f*w*

x ∼ 𝒩(0,IN)



Online learning with constant node-activation prob. 

1.  The optimal constant activation probability depends on label noise, width, and learning rate.
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*

Variance of label noise  σ2
n

Early-time dynamics: p* =

K = 2 , M = 1 , η = 1

1.  The optimal constant activation probability depends on label noise, width, and learning rate.

Online learning with constant node-activation prob. 

FM, F. Mignacco 
arXiv:2505.07792

min{1;
12M

3Mη + 9ησ2
n + 3η(M + 3σ2

n)[M(32(K − 1) + 3η) + 9ησ2
n]

}



Dropout

No 
dropout

Early-time dynamics: p* =

σ2
n ≥ M [ 2

(4K − 1)η
−

1
3 ]

Dropout is optimal if:

1.  The optimal constant activation probability depends on label noise, width, and learning rate.

FM, F. Mignacco 
arXiv:2505.07792

Online learning with constant node-activation prob. 

min{1;
12M

3Mη + 9ησ2
n + 3η(M + 3σ2

n)[M(32(K − 1) + 3η) + 9ησ2
n]

}

Learning rate η

Label noise 
σn/M



2.    Dropout effectively decorrelates the hidden units of the student network.

x

e.g.,   take    and  M = 1 K = 2

Teacher

x
w2

Student

w1w*

w* w

w⊥

w1 = R1w*+w⊥
1

w2 = R2w*+w⊥
2

Noise overfitting 

1.  The optimal constant activation probability depends on label noise, width, and learning rate.

Online learning with constant node-activation prob. 

∥w*∥ = 1



e.g.,   take    and  M = 1 K = 2

Cosine similarity with teacher Generalization error 

∼ w⊥
1 ⋅ w⊥

2

Negative co-adaptations

(Q
12

−
M

11
M

21
)/

Q
11

Q
22

2.    Dropout effectively decorrelates the hidden units of the student network.

1.  The optimal constant activation probability depends on label noise, width, and learning rate.

Online learning with constant node-activation prob. 

M
11

/
T 1

1Q
11p

p p
p

p
p



Adaptive dropout probability

Activation 
probability 

Training time 

???



Optimal dropout schedules

η = 1 , αF = 5 , σn = 0.3 , Q0 = 0

Teacher-student setting (K = 2 , M = 1)

1.    The optimal schedule monotonically decreases the node-activation probability.
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F. Mignacco, FM arXiv:2507.07907



Teacher-student setting (K = 2 , M = 1)

Negative co-adaptations Cosine similarity with teacher Generalization error 

2.   Adaptive dropout achieves the optimal balance between node decorrelation and  signal recovery.

η = 1 , αF = 5 , σn = 0.3 , Q0 = 0

1.    The optimal schedule monotonically decreases the node-activation probability.

Optimal dropout schedules

F. Mignacco, FM arXiv:2507.07907
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1Q
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22

a) b)

d)c)

Training time α Training time α

Training time αTraining time α

a) b)

d)c)

Training time α Training time α

Training time αTraining time α

a) b)

d)c)

Training time α Training time α

Training time αTraining time α



Teacher-student setting (K = 2 , M = 1)

3.  The dropout schedule adapts to the noise level in the task.
2.   Adaptive dropout achieves the optimal balance between node decorrelation and  signal recovery.
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η = 1 , αF = 5 , Q0 = 0

1.    The optimal schedule monotonically decreases the node-activation probability.

Optimal dropout schedules

F. Mignacco, FM arXiv:2507.07907
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1.    The optimal schedule monotonically decreases the node-activation rate.

3.  The dropout schedule adapts to the noise level in the task.

Morerio, P., Cavazza, J., Volpi, R., Vidal, R., & Murino, V. (2017). 
Curriculum dropout. 

In Proceedings of the IEEE international conference on computer vision (pp. 
3544-3552)

Teacher-student setting (K = 2 , M = 1)

2.   Adaptive dropout achieves the optimal balance between node decorrelation and  signal recovery.
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η = 1 , αF = 5 , Q0 = 0

Optimal dropout schedules

F. Mignacco, FM arXiv:2507.07907
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Part II:  Continual learning

FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025



Continual learning

Task 1

Task 2

uμ :Task protocol
Er

ro
r 

Training time μ



Task 1

Task 2

uμ :
Train on Task 1
Er

ro
r 

Training time μ

Task protocol

Continual learning



Task 1

Task 2

uμ :
Train on Task 1
Er

ro
r 

Train on Task 2 Training time μ

Task protocol

Continual learning



Task 1

Task 2

uμ :
Train on Task 1
Er

ro
r 

Train on Task 2 Training time μ

Catastrophic 
forgetting 


 

of Task 1 !!

Task protocol

Continual learning



Task 1

Task 2

uμ :
Train on Task 1
Er

ro
r 

Train on Task 2 Training time μ

can learn sequentially without 
interference problems

[McClelland et al (1995); Barnett & Ceci (2002); 
Calvert et al., (2004); Mareschal et al (2007); 
Pallier et al (2003); … Flesch et al (2018); Cichon 
& Gan (2015); Yang et al., 2014) …]


Humans & Animals ML (empirical)
Neural networks suffer from 
catastrophic forgetting 

[Goodfellow et al (2014); Ruder & Planck (2014); 
Nguyen et al (2019); Parisi et al (2019); Mirzadeh 
et al (2020); Neyshabur et al (2020)]

ML (theory)

Key role of task similarity   
[Mirzadeh et al (2021); Lee et al. (2021, 2022); 
Asanuma et al (2021); Doan et al (2021); Evron et 
al (2022, 2023); Shan et al (2024)]

Task protocol

Catastrophic 
forgetting 


 

of Task 1 !!

Continual learning



Task 1

Task 2

uμ :
Train on Task 1
Er

ro
r 

Train on Task 2 Training time μ

(Heuristic) interleaved replay strategy
[ Shin et al., (2017); Draelos et al., (2017); Rolnick et al., (2019) ]

Forgetting 
is reduced

Task protocol

Continual learning



Task 1

Task 2

uμ :
Train on Task 1

Task protocol
Er

ro
r 

Train on Task 2 Training time μ

???

???

What is the optimal replay protocol?

Continual learning



A teacher-student model of continual learning
Introduced in: Lee, Goldt, & Saxe (ICML 2021)

Task 2

x(1)
μ ∼ 𝒩(0,IN) ∈ RN

𝒟1 = {x(1)
μ , y(1)

μ }

𝒟2 = {x(2)
μ , y(2)

μ }

x(2)
μ ∼ 𝒩(0,IN) ∈ RN

Task 1



Teacher 1

x y

Input

Output

…

Teacher 2

x y

Input

Output

…

w*1

w*2

Task 2

Task 1

A teacher-student model of continual learning
Introduced in: Lee, Goldt, & Saxe (ICML 2021)



x y…

x y…

w*1

w*2

Student

x ̂y…

Input

Outputw1

w2

Teacher 1
Input

Output

Teacher 2
Input

Output

Task 2

Task 1

A teacher-student model of continual learning
Introduced in: Lee, Goldt, & Saxe (ICML 2021)

v(t)



Teacher 1

x y

Input

Output

…

Teacher 2

x y

Input

Output

…

w*1

w*2

Task 2

Task 1
Student

̂y…

Input

Output

x
The student has 
the capacity to 

learn both tasks.

w1 = w*1
w2 = w*2

A teacher-student model of continual learning
Introduced in: Lee, Goldt, & Saxe (ICML 2021)



Optimal strategy vs benchmarks 

(Heuristic)
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u = task Control:
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(Heuristic)

Focus

Revise

Er
ro

r

Training time Training time Training time

u = task Control:

Optimal strategy vs benchmarks 

FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025



Pseudo-optimal strategy on real data

Training step Training step Training step Training step

No Replay
(Heuristic) 
Interleaved

(Pseudo-Optimal) 
Focus+Revise ComparisonNo Replay

Experiments on Fashion-MNIST:

Task 1:

Task 2:
[Ramasesh et al. (2020); Lee et al. (2022)]

FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025

γ = 0.5



Joint optimization of replay and learning rate schedule

γ = 0.3

u = (task , η)Control:Phase 2

FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025



Part III:  Denoising autoencoders

F. Mignacco, FM, arXiv:2507.07907



Clean input

Image source:    Pascal Vincent, Hugo Larochelle, Yoshua Bengio, and Pierre-Antoine Manzagol. ICML 2008

Corrupted input

Encoder Decoder

Output

Loss

Denoising with autoencoders 



Clean input

Image source:    Pascal Vincent, Hugo Larochelle, Yoshua Bengio, and Pierre-Antoine Manzagol. ICML 2008

Corrupted input

Encoder Decoder

Output

Loss

Theoretical works (non exhaustive list):
• Learning dynamics in linear DAEs   

[Pretorius, Kroon, and Kamper, ICML 2018]

•  Exact asymptotics in nonlinear DAEs   
[Cui, and Zdeborová, NeurIPS 2023]

• Diffusion models parametrized by DAEs   
[Cui, Krzakala, Vanden-Eijnden, and Zdeborová, ICLR 2024; 
  Cui, Pehlevan, and Lu, 2025]

•  Online learning in shallow reconstruction autoencoders   
[Refinetti, and Goldt, ICML 2022]

Denoising with autoencoders 



x̃ = 1 − Δ x + Δ ξ ,

A prototypical model of DAE

x ∼
C

∑
c=1

pc 𝒩(μc , σ2
c IN) Δ ∈ (0,1)Clean input: Noise level:

Corrupted input: ξ ∼ 𝒩(0,IN)

See also: [Cui, and Zdeborová, NeurIPS 2023]

Two-layer DAE

… x̃
w

…
w⊤

+ b … x̃fw,b(x̃) =

Skip connectionBottleneck network
Two-layer DAE

… x̃
w

…
w⊤

+ b … x̃fw,b(x̃) =

Skip connectionBottleneck network

𝒪N(1)
(Linear for simplicity)

One-pass SGD on the loss: ℒ(w, b) =
1
2

∥ fw(x̃) − x ∥2



Optimal noise schedule at fixed test noise level 

u(α) = Δ(α)Control:

Final performance: at 
fixed noise level  ΔF

1. Enhances the 
reconstruction 
capability of the 
bottleneck network 

2. Accelerates the 
convergence of the 
skip connection

The optimal schedule:

b)a)

c) d)

Constant benchmark: Δ = ΔF

θk,c =
wk ⋅ μc

∥wk∥∥μc∥

K = C = 2 , ηw = ηb = 5 , σn = 0.1



Optimal batch size schedule

x̃a = 1 − Δ x + Δ ξa ,Batch augmentation:

One-pass SGD on the loss: ℒ(w) =
1

2B

B

∑
a=1

∥ fw(x̃a) − x ∥2

u = BControl:

with       independent 
realizations of the noise
a = 1,…, B

(time dependent 
batch size, fixed 

total budget)

Constant benchmark: B = B̄

a) b)

K = C = 2 , ηw = ηb = 5 , σn = 0.1



Original Corrupted Constant Optimal

a) b)

Original Corrupted Constant Optimal
c)
Original Corrupted Constant Optimal

a) b)

Original Corrupted Constant Optimal
c)

MNIST experiments
Optimal noise schedules fitting only the cluster means and variances:

Original Corrupted Constant Optimal

a) b)

Original Corrupted Constant Optimal
c)



Conclusions & Perspectives  

Many open directions, e.g., 

• Extend the theory to more realistic data models. 

• Batch learning and memorization. 

• Extend to different learning objectives (fairness metrics …).

• We formulate the design of learning protocols as an optimal control problem on the low-dimensional 

dynamics of the order parameters. 

• Nontrivial yet interpretable strategies applicable to real data. 

• Learning trade-offs



Thank you!



