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General setup - Hyperparameter Optimization / Meta Learning
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Model Optimization algorithm
A W(X) Winal = £'(Wipigar 1)
Parameters Input Hyperparameters

u™ = argmin, €,(Wg,)

Grid/random searches

* In general very hard to compute - Gradient methods

| | Bayesian approaches
» Obtained protocols are hard to interpret



Learning protocols for neural networks
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Learning protocols for neural networks
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Learning protocols for neural networks
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Model optimization:

* Gating
Architecture  « Pruning

* Dropout

Structured
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Dynamic data / task selection:

* Active learning
* Curriculum learning

| * Momentum
* Transfer learning L. , |
» Multi-task learning Optimization - Batch size
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Hyper-parameter schedules:
* Learning rate



Learning protocols for neural networks
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~ Complex interplay between Model optimization:
time-dependent protocols and Architecture - Pﬁj;\?ﬁ’g

} nonlinear learning dynamics + Dropout

l_ o o °

Structured
Data / Task

Dvnamic data / task selection:
’ Hyper-parameter schedules:

* Learning rate
Momentum
Batch size

* Active learning
* Curriculum learning
* Transfer learning

Optimization -
Algorithm » Regularization

Multi-task learning



IIIIIIIIIIII

0),430)23D)

" Optimal learning protocols? e

Complex interplay between Model optimization:

time-dependent protocols and Architecture Sﬁﬂﬂﬁg

nonlinear learning dynamics » Dropout

|
’
T

Structured
Data / Task

Dynamic data / task selection:

* Active learning

* Curriculum learning

| * Momentum
* Transfer learning L. , |
» Multi-task learning Optimization - Batch size

o Angrithm * Regularization

Hyper-parameter schedules:
* Learning rate
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High-dimensional

learning dynamics

Control theory is
computationally demanding

Dimensionality reduction
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Dimensionality reduction
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network
welights

witl = wt — V ZH (u)

N control
weR variables

Statistical
Physics Low-dimensional

effective dynamics of
N — o0 order parameters

[ Saad & Solla (1995); Biehl &
Schwarze (19995); ...; Goldt et al
(2019); Veiga et al (2022); Arnaboldi

et al (2023); ... and many more ]

High-dimensional
learning dynamics

Control theory can
Control theory is be applied

computationally demanding + interpretability



Dimensionality reduction
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witl = wH — V LH (uH) N Optimal

N control Q T f(Qa u) P
weR variables o control
Statistical

Physics Low-dimensional

effective dynamics of u*
N — o0 order parameters

[ Saad & Solla (1995); Biehl & [ Saad & Rattray (1997) ]
Schwarze (19995); ...; Goldt et al

High-dimensional
learning dynamics

(2019); Veiga et al (2022); Arnaboldi

R\ 2 .
| Control theory can arXiv:2507.07907
Control theory is be applied

computationally demanding

+ Interpretability [ See also: Carrasco-Davis, Masis, Saxe (2023)
for meta-learning in deep linear networks |



Setup — Data model
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Dataset

— P
2 = {X//i’y//t u=1

y,u — :I,:,*(Xlu) + Un Z//t

Label noise

Teacher Network
(M hidden nodes) u ™~ A(0,1)

Wi € RNXM

[H. Cui, J. Stat. Mech (2025)]



Setup — Architecture and algorithm
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Two-layer neural network
(K hidden nodes)




Setup — Architecture and algorithm
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Two-layer neural network Per-sample cost function
(K hidden nodes)

LW, V|X,y) =€ (fy (X),y) + g(W, V)

W, - X
fW,V(X) — Vk g ( - ) / \
K —; \ﬁ\f Regularization

Loss function function




Setup — Architecture and algorithm

0),430)23D)

Two-layer neural network Per-sample cost function
(K hidden nodes)

LW, V|X,y) =€ (fy (X),y) + g(W, V)

I <« W, - X
fW,V(X) — Vk g ( - ) / \
\ﬁ( =1 \ﬁ\f Regularization

Loss function function

W E RKXM

One-pass SGD

Wi = wH — Vo L(WH, v | xH, yH)



Dynamics of order parameters
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S € RAXK M € RA*M R € RXXC

Wk . Wk/ Wk . W*’m Wk . //lc
Mkm ch —
N N N

Sk =

Q = (vec(S), vec(M), vec(R)) € RAEFMFC)

One-pass SGD ODEs for the order parameters

N—w.u>o  dQ)
with a = u/N do

wit = wt — iV ZH(u,) fo (Q(@), u(@))

/’t:19°°°9P GE[O,GF]

[Saad & Solla (1995); Biehl & Schwarze (1995);Goldt et al (2019); Veiga et al. (2022), Arnaboldi et al
(2023) ... and many more]



Optimal learning protocols

A Q,
S Architecture Dropout
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Francesca
Mignacco
CUNY & Priceton
Structured
Data / Task
FM, F. Mignacco, arXiv:2505.07792 Optimization

F. Mignacco, FM, arXiv:2507.07907 Algorithm



Optimal learning protocols

Architecture @ Dropout
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Francesca Stefano Sarao Mannelli
Mignacco Chalmers University
CUNY & Priceton Gothenburg University
Structured
Data / Task

@ Continual learning

FM, F. Mignacco, arXiv:2505.07792 Optim |;at|on
F. Mignacco, FM, arXiv:2507.07907 Algorithm

@ Learning rate

FM, S. Sarao Mannelli, F. Mignhacco, ICLR 2025



Optimal learning protocols

Architecture @ Dropout
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Francesca Stefano Sarao Mannelli
Mignacco Chalmers University
CUNY & Priceton Gothenburg University
Structured
Data / Task

@ Continual learning
@ Denoising autoencoder @ Learning rate

FM, F. Mignacco, arXiv:2505.07792 Optl M |Zat|0n

F. Mignacco, FM, arXiv:2507.07907 Algorithm Batch size

FM, S. Sarao Mannelli, F. Mignhacco, ICLR 2025



Can we compute optimal meta-parameter schedules?
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Forward learning dynamics

Q — f(Q, ur)\(;ontrol

variable

Order
parameters



Pontryagin’s maximum principle
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Variatonal approach .
Cost functional: J’[Q, ll] — < Gg(ap) >

Forward learning dynamics

Q — f(Q, ur)\(;ontrol

variable

Order
parameters



Pontryagin’s maximum principle
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e F1Q.Qul = (o)) + | da Q- [-Q@) +(Q(w. @)

0

Forward learning dynamics

Q — f(Q, ur)\(;ontrol

variable

Order
parameters



Pontryagin’s maximum principle
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e F1Q.Qul = (o)) + | da Q- [-Q@) +(Q(w. @)

0

Forward learning dynamics Backward dynamics
‘ A Optimal control AT _ AT
Q=/Q,uw Control S -Q =0Q VQf(Q, u)
Order Costate

parameters variables



Pontryagin’s maximum principle
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e F1Q.Qul = (o)) + | da Q- [-Q@) +(Q(w. @)

0

Forward learning dynamics Backward dynamics
o f\ . A A
Q =f(Q’ ll) Control Optimal control _QT _ QT VQf(Q, ll)
variable
Order : Costate
parameters variables
v

Optimality condition

w#(a) = argmin,,, Q(@)"f(Q(a), u(a))




Part I Dropout Reqularization

FM, F. Mignacco, arXiv:2505.07792
F. Mighacco, FM, arXiv:2507.07907



Dropout regularization

OXFORD
25 _________________________ _________________________
Journal of Machine Learning Research 15 (2014) 1929-1958 Submitted 11/13; Published 6/14 l; ‘ . .
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Figure 4: Test error for different architectures
with and without dropout. The net-

works have 2 to 4 hidden layers each
with 1024 to 2048 units.

x = remove node with probability 1 — p




Dropout regularization
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Train Test

x = remove node (with probability 1—p) Always present but rescaled weights

PrWw




What is the optimal dropout probability?
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Train Test

x = remove node (with probability 1—p) Always present but rescaled weights

PrWw




A teacher-student model of dropout

X ~ N(0,1y)

Teacher

M hidden nodes

y=fF(X)+0, 2

Label noise: z ~ A4(0,1)

K
W

FM, F. Mignacco, arXiv:2505.07792

Student
(at training step u)

O W g
O ]

E Tr®
O

K hidden nodes

Node-activation variables

() ,.(2) (K) '
R N | Bernoulli(p,)

H > H

0),430)23D)

Student

(at testing time)

O . w
<::> lef'

X O Y
O
K hidden nodes

Rescaling factor: p;




Online learning with constant node-activation prob.
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1. The optimal constant activation probability depends on label noise, width, and learning rate.



Online learning with constant node-activation prob.
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1. The optimal constant activation probability depends on label noise, width, and learning rate.

. . 2 . 12M
Early-time dynamics: p* = min{l; j

3Mi + 962 + \/ 39(M + 362) [M(32(K — 1) + 31) + 902

0.9 1 x  Exact
—— Short-time expansion

0.8 -

0.7 A

0.6 -

0.5 -

Optimal activation prob. p*

0.4 -

FM, F. Mignacco
arXiv:2505.07792 0.0 0.2 0.4 0.6

0.
Variance of label noise 0,3

8 1.0



Label noise
o, /M

FM, F. Mignacco
arXiv:2505.07792

0

12M

— min{l; }

3Mi + 962 + \/ 39(M + 362) [M(32(K — 1) + 31) + 902

dropout

N /N AN

Dropout is optimal if:

/N
| I | D | I |
o ~ W N

2 1

022M
4K—-1)n 3

0.0

0.4 0.6 0.8

Learhing rate 7

|




Online learning with constant node-activation prob.
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1. The optimal constant activation probability depends on label noise, width, and learning rate.

2. Dropout effectively decorrelates the hidden units of the student network.

e.g., take M=1 and K=2 W w*|| = 1
W
Teacher Student 7 . ,
WJ_
w
1

Noise overfitting

W, = R,W*+w;




Online learning with constant node-activation prob.

UNIVERSITY OF
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1. The optimal constant activation probability depends on label noise, width, and learning rate.

2.

e.g.,

6x 1072 -

4 %1072

take M =1 and K=2

(Generalization error

—— Theory (P=0.68)
Theory (p=1)
«~  Simulations

(Q12 o Ml 1M21)/\/Q11Q22

=
o

O O
IN 0o

—
N

o

Negative co-adaptations

—— Theory (= 0.68)
Theory (P=1)
x  Simulations

"Xy

«,‘%
""‘"‘Wx-xxxxx*mxxx

Dropout effectively decorrelates the hidden units of the student network.

Cosine similarity with teacher

Theory (P=0.68)
Theory (P=1)
x  Simulations

1 2 3 4 5
a



Adaptive dropout probability
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Curriculum Dropout

ANNEALED DROPOUT TRAINING OF DEEP NETWORKS

Steven J. Rennie, Vaibhava Goel, and Samuel Thomas Pietro Morerio!, Jacopo Cavazza'?, Riccardo Volpi'2, René Vidal® and Vittorio Murino®*

Pattern Analysis & Computer Vision (PAVIS) — Istituto Italiano di Tecnologia — Genova, 16163, Italy

IBM Thomas J. Watson Research Center “Electrical, Electronics and Telecommunication Engineering and Naval Architecture Department
NY, USA (DITEN) — Universita degli Studi di Genova — Genova, 16145, Italy

SDepartment of Biomedial Engineering — Johns Hopkins University — Baltimore, MD 21218, USA

sjrennie, vgoel, sthomas;@us.ibm.com . : o e
{s3 Ve ’ ! “Computer Science Department — Universita di Verona — Verona, 37134, Italy

{pietro.morerio, jacopo.cavazza,riccardo.volpi,vittorio.murino}@iit.it, rvidal@cis.jhu.edu

Dropout Reduces Underfitting

Activation 2777

Zhuang Liu“! Zhiqiu Xu“? Joseph Jin? Zhigiang Shen> Trevor Darrell ? p rO b a b i I ity

start training epochs end

>

standard dropout

early dropout

late dropout

— no dropout dropout

Training time



Optimal dropout schedules
Teacher-student setting (K=2,M =1)
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1. The optimal schedule monotonically decreases the node-activation probability.

H—
o
1

Ny
Q
Q 0.9
Q.
S 0.8 A
'-n(%
>
= 0.7
O
©
C_és 0.6 -
= ---- Optimal constant (p=0.68)
8‘ 0.5 - No dropout
—— Optimal schedule
: J > 3 4 5
a

n=1,0.=5,0,=03,0,=0
F. Mignacco, FM arXiv:2507.07907



Optimal dropout schedules
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Teacher-student setting (K=2,M =1)

1. The optimal schedule monotonically decreases the node-activation probability.

2. Adaptive dropout achieves the optimal balance between node decorrelation and signal recovery.

Generalization error Negative co-adaptations Cosine similarity with teacher
0.9
| No dropout
\ - — - Con.stant (p=0.68) §
6 x 1072 N —+— Optimal —
' Q
R
41072 ":,:
=
3x1072; —
=
I
(Q\
2 X 1072 QT
l 1 2 3 4 5
0 1 2 3 4 > Training time «a
Training time « Training time a

F. Mignacco, FM arXiv:2507.07907 n=1,ap.=5,0,=03,0,=0



Optimal dropout schedules
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Teacher-student setting (K=2,M =1)

1. The optimal schedule monotonically decreases the node-activation probability.
2. Adaptive dropout achieves the optimal balance between node decorrelation and signal recovery.

3. The dropout schedule adapts to the noise level in the task.

1.0 A

0.9 A

0.8 A

0.7 -

0.6 A

0.5 -

0.4

Optimal activation prob. p

F. Mignacco, FM arXiv:2507.07907



Optimal dropout schedules
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Teacher-student setting (K=2,M =1)

1. The optimal schedule monotonically decreases the node-activation rate.
2. Adaptive dropout achieves the optimal balance between node decorrelation and signal recovery.

3. The dropout schedule adapts to the noise level in the task.

1.0 A
0.9 A
0.8 A

0.7 -

0 ,
t=20 t="1T
Figure 2. Curriculum functions. Eq. (1) (red), polynomial (blue)
and exponential (green).

0.6 A

0.5 -

Morerio, P., Cavazza, J., Volpi, R., Vidal, R., & Murino, V. (2017).

Curriculum dropout.

In Proceedings of the IEEE international conference on computer vision (pp.
3544-3552)

0.4

Optimal activation prob. p

F. Mignacco, FM arXiv:2507.07907



Part |l: Continual learning

FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025



Continual learning
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Error

Training time u

Task protocol uﬂ :



Continual learning
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Task 1
Task 2
Train on Task 1 Training time

Error




Continual learning
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Train on Task 1  Train on Task 2 Training time
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Continual learning

L E
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forgetting

of Task 1 !l

Error




Continual learning
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Task 1

Catastrophic
forgetting

of Task 1 !l

Error

Task 2

Train on Task 1 Train on Task 2 Training time p

.

Task protocol 1/

Humans & Animals ML (empirical) ML (theory)
can learn sequentially without Neural networks suffer from Key role of task similarity
. _ | ey role of task similari
interference problems catastrophic forgetting e e 1 (- e e
. IMirzadeh et al (2021); Lee et al. (2021, 2022);
[McClelland et al (1995); Barnett & Ceci (2002); [Goodfellow et al (2014); Ruder & Planck (2014); H |
, , s e ) SR AT IR Asanuma et al (2021); Doan et al (2021); Evron e
Calvert et al., (2004); Mareschal et al (2007); Nguyen et al (2019); Parisi et al (2019); Mirzadeh al (2022, 2023); Shan et al (2024)
Pallier et al (2003); ... Flesch et al (2018); Cichon et al (2020); Neyshabur et al (2020)] CeTmm e mE e e

& Gan (2015); Yang et al., 2014) ...]



Continual learning

L E
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Task 1

Task 2
Train on Task 1 Train on Task 2 Training time

Error

Forgetting
IS reduced

(Heuristic) interleaved replay strategy

., (2017); Draelos et al., (2017); Rolnick et al., (2019) ]

Q)



Continual learning

L E

77?7
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Task 1 .

Task 2
Train on Task 1  Train on Task 2 Training time

Error

What is the optimal replay protocol?



A teacher-student model of continual learning

Introduced in: Lee, Goldt, & Saxe (ICML 2021)
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Task 1

= {x;,y,")
xfp ~ H(0,y) € RY

Task 2
= {x2,y?)

X/(f) ~ N(0,I,) € RY




A teacher-student model of continual learning

Introduced in: Lee, Goldt, & Saxe (ICML 2021)
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Task 1 Teacher 1
Input
O
O Output
X Oy
O
O W
Task 2 Teacher 2
Input
X




A teacher-student model of continual learning

Introduced in: Lee, Goldt, & Saxe (ICML 2021)
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Task 1 Teacher 1
Input Student
O
O Output
X O y Input
O
O W
Task 2 Teacher 2
Input
X




A teacher-student model of continual learning

Introduced in: Lee, Goldt, & Saxe (ICML 2021)
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Task 1 Teacher 1
Input Student
O
O Output
X Oy
8 w The student has
1 the capacity to
Task 2 Teacher 2 learn both tasks.
Input
X




Optimal strategy vs benchmarks
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Control: u = task

o No replay
25wt [EERE
as
= Q
o
Hrooodemmif— e = X === L
10—1 .................. *o
....\” -----------
\\
1072 \
— A
O = )
Nl 1073 K
LE ‘ Task 1 | N
10~ ---- Task 2 h
g e Average
10"
107°
0 10 "g90 1000 1025

Training time

FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025



Task
protocol
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10_2?

Error

107> 1

107° -

Optimal strategy vs benchmarks
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1074 -

No replay
Task 1
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\
Task 1 g
-- Task 2 . h
----- Average
0 10 ’990 1000 1025

Training time

102
10—2é
10-3é
10—4-;
10-5é

10_6?

FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025

Interleaved (Heuristic)
Moo= = = =X X = e = e
.......................... T
~ ny ...x.\
0 10 7960 1000 1025

Training time

Control: u = task
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Task
protocol

Error
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Optimal strategy vs benchmarks

No replay
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0 10 "990 1000 1025
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FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025

102
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Interleaved (Heuristic)
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Control: u = task
Optimal  Revise
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Training time



Task 1: D; = {x,gl),ygl)}i
Task 2: Dy = {27y} = (vl + (1= )&, vu " + (1 — )5}

Experiments on Fashion-MNIST:

No Replay
10~ 1~
] task 1
""""" \I — == task 2
............... .;\
4 1072 - y
O |
'\
AT
10_3?
0 10000 20000

Training step

(Heuristic)
Interleaved
—————— j
i [
R .!
L
'\
+ \
3\
1\
\\_
0 10000 20000

Training step

FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025

(Pseudo-Optimal)
Focus+Revise

*a

e
~
~~~.

[ 4
....
....

0 10000

20000

Training step

Pseudo-optimal strategy on real data

UNIVERSITY OF

0),430)23D)

Comparison

No Replay
— = |nterleaved
— Pseudo-Optimal

[1e-3]\\
1|\ 20\
. [ 1.7
1.5
?;5k 20k

0

10000 20000

Training step



Joint optimization of replay and learning rate schedule il

OXFORD
Phase 2 Control: u = (task, }’])
[e
% O
25 N T A
o
20.0 1 | ->»- No replay
1751 | TaSk 1 -Ml- Interleaved
~ | o —@— Optimal replay
_'0_3, 15.0 : —————— TaSk 2 n 1072 === Pseudo-Optimal
Q : o -A- Interleaved, power-law n
®) 12.5 | Q =¥~ Interleaved, exponential n
C 1004 ! g -‘ Optimal replay and n
E .| 0
—1 501! 1077
\
2.5 No____eemmmmmmoseme—ooTooo
0.0 — . .
1000.0 1012.5 1025.0

0.0 0.2 0.4 0.6 0.8

a = time step / input dimension " Task similarity vy

FM, S. Sarao Mannelli, F. Mignacco, ICLR 2025



Part ll: Denoising autoencoders

F. Mighacco, FM, arXiv:2507.07907



Denoising with autoencoders
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y Loss
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ROXOOle™ (O0000) |

Corrupted input Clean input Output

Image source: Pascal Vincent, Hugo Larochelle, Yoshua Bengio, and Pierre-Antoine Manzagol. ICML 2008



Denoising with autoencoders
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y Loss
Encoder O O Q Decoder L, ZL
Jo VT

-
-

RORKO Ol (O0000) (00000

Corrupted input Clean input Output

Image source: Pascal Vincent, Hugo Larochelle, Yoshua Bengio, and Pierre-Antoine Manzagol. ICML 2008

Theoretical works (non exhaustive list):

 Online learning in shallow reconstruction autoencoders

e Learning dynamics in linear DAEs
g9y [Refinetti, and Goldt, ICML 2022]

[Pretorius, Kroon, and Kamper, ICML 2018]

e Diffusion models parametrized by DAEs
[Cui, Krzakala, Vanden-Eijnden, and Zdeborova, ICLR 2024;
Cui, Pehlevan, and Lu, 2025]

e Exact asymptotics in nonlinear DAEs
[Cui, and Zdeborova, NeurlPS 2023]



A prototypical model of DAE
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See also: [Cui, and Zdeborova, NeurlPS 2023]

C
Clean input:  x ~ ch Ny, ,0°1y) Noise level: A € (0,1)
c=1
Corrupted input: X = \/1 — AX+ \/Z c , ¢~ N(O,Iy)
Two-layer DAE Bottleneck network Skip connection
N W w' O O
C \ / O O
~\ ) >OE - 7
@ / O O
C C O

O5(1)

(Linear for simplicity)

|
One-pass SGD on the loss: Z(w, b) = EHfW(X') —x ||?



Optimal noise schedule at fixed test noise level

Control: u(a) = A(a)

Final performance: at
fixed noise level A

The optimal schedule:

1. Enhances the
reconstruction
capability of the
bottleneck network

2. Accelerates the
convergence of the
skip connection Hk,c
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Optimal batch size schedule
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Batch augmentation: X = \/1 —Ax+4/A¢, , with a =1,...,B independent
realizations of the noise

Constant benchmark: B = B

| B
One-pass SGD on the loss: #(w) = — %) —x|?
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MNIST experiments
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Optimal noise schedules fitting only the cluster means and variances:
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Conclusions & Perspectives
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® \\Ve formulate the design of learning protocols as an optimal control problem on the low-dimensional
dynamics of the order parameters.
® Nontrivial yet interpretable strategies applicable to real data.

® | earning trade-offs

Many open directions, e.qg.,

® Extend the theory to more realistic data models.

® Batch learning and memorization.

e Extend to different learning objectives (fairness metrics ...).



Thank youl!



