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Weyl 1952

H. Weyl

“Symmetry, as wide or as narrow as you 
may define its meaning, is one idea by 
which man through the ages has tried to 
comprehend and create order, beauty, and 
perfection”



Portrait: Ihor Gorskyi

Plato

~370 BC
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Portrait: Ihor Gorskyi

Euclid

~300 BCFifth Postulate



XIX century





The Erlangen Programme

Klein 1872

Geometry = space + transformation group 1872
F. Klein



Euclidean geometry

Klein 1872

𝐸 3

Translation Rotation Reflection



H. Weyl

1929
R. L. Mills

1954
C. N. YangE. Noether

1918
H. Poincaré H. Minkowski

1904 1907

Poincaré 1904; Noether 1918; Weyl 1929; Yang & Mills 1954; Portraits: Ihor Gorskyi



External symmetry Internal symmetry



“It is only slightly overstating the 
case to say that Physics is the study of 
symmetry”

 — More is different

Anderson 1972

P. Anderson





Geometric Deep 
Learning



{cat,dog}

Supervised ML = Function Approximation
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Perceptron
1957

Rosenblatt 1957; Portrait: Ihor Gorskyi

F. Rosenblatt

Supervised ML = Function Approximation

{cat,dog}



Multi-layer 
Perceptron

𝑥#
𝑥$

𝑥!

Universal Approximation: Hilbert’s 13th problem 1900; Kolmogorov 1956; Arnold 1957; Cybenko 1989; Hornik 1991; Barron 1993; Leshno et al 1993; 
Maiorov 1999; Pinkus 1999
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Universal Approximation

“2-layer perceptron 
can approximate a 
continuous function 
to any desired 
accuracy”



Shallow Perceptrons are universal approximators

Universal Approximation Theorem: 𝜎 is not polynomial iff for every 
continuous function 𝑓: 𝐾 ⊂ ℝ! → ℝ defined on a compact set 𝐾 and 𝜀 > 0, there 
exists a two-layer Perceptron with 𝑚 neurons and weights 𝐖,𝐛, 𝐯 s.t. 

max
"∈$

𝑓 𝑥 − 	6
%&'

𝑣%𝜎(𝑤%(𝑥 + 𝑏%) < 𝜀

Cybenko 1989; Hornik 1991; Pinkus 1999
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Shallow Perceptrons are universal approximators

Universal Approximation Theorem: 𝜎 is not polynomial iff for every 
continuous function 𝑓: 𝐾 ⊂ ℝ! → ℝ defined on a compact set 𝐾 and 𝜀 > 0, there 
exists a two-layer Perceptron with 𝑚 neurons and weights 𝐖,𝐛, 𝐯 s.t. 

max
"∈$

𝑓 𝑥 − 	6
%&'

𝑣%𝜎(𝑤%(𝑥 + 𝑏%) < 𝜀

Cybenko 1989; Hornik 1991

What is the relation between dimension 𝑑, 
number of neurons 𝑚, and the error 𝜀?  



𝑦𝑥 𝑓



𝑦𝑥 𝑓
2-dimensional



3-dimensional

𝑓 𝑦𝑥



𝑓

O 𝜀!"  samples

𝑑-dimensional

𝑦𝑥



Curse of dimensionality



Approximation rates

Maiorov 1999; Barron 1993

• Sobolev class 𝑓 ∈ 𝐻* ℝ! = 𝑓 ∈ 𝐿+ ℝ! ∶ 	∫ℝ% 1 + 𝜔 + * 2𝑓 𝜔 +d𝜔 < ∞  

error is exponential 𝜀 = 𝒪 𝑚-*/!   dimensionality-cursed!

• Barron class 𝑓 ∈ 𝑓 ∈ 𝐿+ ℝ! ∶ 	∫ℝ% 𝜔 + 2𝑓 𝜔 +d𝜔 < ∞

error is 𝜀 = 𝒪 𝑚-)     too strong assumption in practice!

• Bound on the approximation error

𝜀 = inf
/∈ℱ

sup
"∈$⊂ℝ%

𝑓 𝑥 − 𝑔 𝑥

w.r.t. 𝑑 (input dimension) and 𝑚 (model complexity) for different classes of functions



𝑓 𝑦𝑥

Geometric priors



𝑓 𝑦𝑥

Geometric priors



Domain Ω

Signals 𝒳 Ω

𝑓𝑥 𝑢 𝑦𝑥

Geometric priors

𝑢



Domain Ω

Signals 𝒳 Ω

𝑓 𝑦𝑥

Geometric priors

𝐺

𝑥 𝑢

Group 𝑢𝑔



Domain Ω

Signals 𝒳 Ω

𝑓

Geometric priors

𝑔.𝜌 𝐺

𝐺

Rep.

Group

𝑥
𝑢𝑔

𝑥 𝑔&#𝑢 𝑦

“How f interacts with the group G?”



Domain Ω

Signals 𝒳 Ω

𝑓 “cat”

Geometric priors: Invariance

𝜌 𝐺

𝐺

𝑔.𝑥

𝑓 𝜌 𝑔 𝑥 = 𝑓 𝑥 	 ∀𝑔 ∈ 𝐺



Symmetries of the Label Function
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Symmetries of the Label Function
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Symmetries of the Label Function
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Symmetries of the Label Function
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First “geometric” machine learning

S. Papert

1969

Minsky, Papert 1969

M. Minsky



First “geometric” machine learning

Minsky, Papert 1969

Group Invariance Theorem: ”if a 
neural network is invariant to a group, 
then its output can be expressed as 
functions of the orbits of the group”

S. PapertM. Minsky

1969



Canonisation

Mikolajczyk, Schmid 2004



Canonisation

canonisation



Canonisation

“Jennifer”



“Jennifer”

Canonisation



Canonisation

“Jennifer” ?



Picasso (Guggenheim Museum)



Domain Ω

Signals 𝒳 Ω

𝑓

Geometric priors: Equivariance

𝜌 𝐺

𝐺

𝑔.𝑥

𝑓 𝜌 𝑔 𝑥 = 𝜌 𝑔 𝑓 𝑥 	
                      ∀𝑔 ∈ 𝐺

Domain Ω

Signals 𝒳 Ω

𝜌 𝐺

𝐺

𝑔.𝑦



Equivariance = Symmetry-consistent generalisation

𝑓AA

A
A

A 𝑓 𝜌! 𝑔 A = 𝜌" 𝑔 	𝑓 A  

𝜌) 𝑔 A
𝜌) 𝑔 A

?
?

input space

feature space

=

𝑓 𝜌! 𝑔 A = 𝜌" 𝑔 	𝑓 A  



Equivariance = Symmetry-consistent generalisation

𝑓AA

A
A

A 𝑓 𝜌! 𝑔 A = 𝜌" 𝑔 	𝑓 A  

𝜌) 𝑔 A
𝜌) 𝑔 A

input space

feature space

=

𝑓 𝜌! 𝑔 A = 𝜌" 𝑔 	𝑓 A  
𝜌+ 𝑔 A

A



Hubel, Wiesel 1959, 1962; Portraits: Ihor Gorskyi

1959

T. WieselD. Hubel

Early Geometric Architectures



Hubel, Wiesel 1959, 1962; Fukushima 1980; Portraits: Ihor Gorskyi

1959

T. WieselD. Hubel

1980
K. Fukushima

Early Geometric Architectures



1959

T. WieselD. Hubel Y. LeCun

1989

Hubel, Wiesel 1959, 1962; Fukushima 1980; LeCun et al. 1989; Portraits: Ihor Gorskyi

1980
K. Fukushima

Early Geometric Architectures



LeCun et al. 1989

Multi-Layer Perceptron



LeCun et al. 1989

Fully connected layer

Multi-Layer Perceptron

weight matrix
𝒪 𝑛+  DOF



LeCun et al. 1989

Locality + Shared parameters

Σ

Convolutional Neural Networks

weight matrix
𝒪 1  DOF



LeCun et al. 1989

Locality + Shared parameters

Convolutional Neural Networks

Σ

weight matrix
𝒪 1  DOF



Scale Separation



Convolutional Neural Networks

Translation group 𝑇 2 Shift operator 𝑆

𝑆,𝑥 𝑢 = 𝑥 𝑢 − 𝑣

Convolution
𝑆𝑥 ⋆ 𝑦 = 𝑆 𝑥 ⋆ 𝑦

⋆

Plane ℝ+ Images 𝒳 ℝ+ Functions ℱ 𝒳 ℝ+
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“properties of a molecule do not change if we reorder the atoms”

Permutation Invariance
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Locality + Shared parameters

Graph Neural Networks
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Σ

Graph Neural Networks

Permutation-
equivariant layer
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Permutation-
equivariant layer

Graph Neural Networks
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Permutation-
invariant readout

Graph Neural Networks
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Permutation-
invariant readout

Graph Neural Networks

Σ



Graph Neural Networks

𝐏𝐗 = 𝑥-!" . ,0 𝐅 𝐏𝐗, 𝐏𝐀𝐏⊤ = 𝐏𝐅 𝐗, 𝐀

Permutation group 𝑆1 Permutation matrix 𝐏 Message passing

𝐅

Graph 𝐺 = 𝑉, 𝐸 Node features 𝒳 𝐺 Functions ℱ 𝒳 𝐺



External symmetry Internal symmetry



R

“properties of a molecule do not change if we rotate it”

x, y, z

SO 3 -invariance



Geometric (“Equivariant”) Graph Neural Networks

𝐅

Geometric Graph 𝐺 Node features 𝒳 𝐺 Functions ℱ 𝒳 𝐺

Rotation 𝐑 
“data symmetry”

“domain symmetry”
Geometric message passing

𝐅 𝐏𝐗𝐑, 𝐏𝐀𝐏⊤ = 𝐏𝐅 𝐗, 𝐀 𝐑

Permutation matrix 𝐏Permutation group 𝑆1



Revolution in Structural Biology 

Baek et al. 2021

RosettaFold
SE 3 -equivariant 

Transformer

Jumper et al. 2021

AlphaFold	2
“Invariant point 

attention”



PermutationTranslation Local Rotation

GraphsGrids Meshes



B et al 2017; 2021

𝑇 2 =  CNN+



B et al 2017; 2021

+ 𝑆! =  GNN
10

11

12

13

14

4
1 5
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B et al 2017; 2021

+ SO 2 = MeshCNN



Euclidean (extrinsic) 
convolution

Geometric (intrinsic) 
convolution

Masci et B 2015; Monti et B 2017



Kulon et B 2020





Defense (antibody)

Structure (collagen)Catalysis (enzyme)

Transport (calcium pump)

Communication (insulin)

Storage (haemoglobin)



R1

R2

R3

R4

R5

R6

R7

…

Protein folding

3D structureSequence of 
amino acids

Protein Folding



Emil Fischer “Schlüssel-Schloss-Prinzip” 1894

Lock-Key Metaphor



Abstract out internal 
structure that is irrelevant 
for interactions + allow 
some conformation 
changes

Surface-based Protein Representation



MaSIF: Geometric ML for Protein Function Prediction & Design

Gainza et B, Correia 2020



Gainza et B, Correia 2022



Marchand et B, Correia 2024

Switchable interactions







Perceptrons
Function regularity

CNNs
Translation

Group-CNNs
Translation+Rotation, 

Global groups

GNNs
 Permutation

Intrinsic CNNs
Isometry / Gauge choice

DeepSets / Transformers
Permutation

LSTMs
Time warping



ANY NN
ARCHITECTURE

GEOMETRICDEEP LEARNING



Geometric Deep Learning

Bronstein, Bruna, Cohen & Veličković



“The Erlangen Programme of ML”
Geometric Deep Learning





Graphs



Euler 1741

L. Euler

1741

Origins of Graph Theory

The soluton of the classical problem of the “Bridges of 
Königsberg” by Euler in 1736 first showed the power of graphs to 

abstract out the geometry (“geometria situs”)



Euler 1741; Poincaré 1895

L. Euler

1741

Origins of Topology

Poincaré’s “analysis situs.”
His famous Conjecture 
appeared in a supplement 
published in 1904. 

H. Poincaré

1895



Social networksMolecules Interactomes

Graphs = Systems of Relations and Interactions



node   𝑖

edge 𝑖~𝑗

𝑗

node feature 𝐱!

graph

Graphs: The Basics



node   𝑖

edge 𝑖~𝑗

𝑗

node feature 𝐱!

graph

1 2
3

4
5

6

7

8

9
10 11

arbitrary ordering of nodes

Key Structural Properties of Graphs



𝐗

Feature 
matrix 𝑛×𝑑
1
2
3
4
5
6
7
8
9
10
11

arbitrary ordering of nodes

1 2
3

4
5

6

7

8

9
10 11

Key Structural Properties of Graphs



𝐗

Feature 
matrix 𝑛×𝑑

arbitrary ordering of nodes

2
3

4
5

6

7

8

9
10 11

𝐀

Adjacency 
matrix 𝑛×𝑛

1

Key Structural Properties of Graphs



2 1
3

4
5

6

7

8

9
10 11

𝐏𝐀𝐏6 𝐏𝐗

Adjacency 
matrix 𝑛×𝑛

Feature 
matrix 𝑛×𝑑

arbitrary ordering of nodes

Key Structural Properties of Graphs



5 10
7

11
4

6

3

9

8
1 2

𝐏𝐀𝐏6 𝐏𝐗

Feature 
matrix 𝑛×𝑑

Adjacency 
matrix 𝑛×𝑛

arbitrary ordering of nodes
𝑛! permutations

Key Structural Properties of Graphs



Invariant vs Equivariant tasks

water solubility? who is a spammer? 
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𝑓 𝐗, 𝐀graph function

Invariant Graph Functions
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𝑓 𝐗, 𝐀graph function

Invariant Graph Functions
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5

6

7

8

9
10 11

𝑓 𝐗, 𝐀

permutation-invariant

𝑓 𝐏𝐗, 𝐏𝐀𝐏⊤ =

Invariant Graph Functions



Invariant vs Equivariant tasks

water solubility? who is a spammer? 
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𝐅 𝐗, 𝐀node function

Equivariant Graph Functions
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𝐅 𝐗, 𝐀node function

Equivariant Graph Functions



𝐅 𝐗, 𝐀

permutation-equivariant

𝐅 𝐏𝐗, 𝐏𝐀𝐏⊤ = 𝐏

5 10
7

11
4

6

3

9

8
1 2

Equivariant Graph Functions



GNNs = Parametric graph functions

𝑓! 𝑦

Note: we use the term “GNN” to refer to general parametric graph functions. The particular class of GNNs we 
consider are Message Passing Neural Networks (MPNNs). Petar Veličković argues that “it’s all message passing”

Graph+Features



Graph Neural Networks: Node tasks



Graph Neural Networks: Graph tasks



𝒩! = 𝑗: 𝑖~𝑗
neighbourhood

Neighbour Aggregation

𝑖



𝑖

neighbourhood

	𝐱!∈𝒩# 	𝐗𝒩# = 𝐱!∈𝒩# 	

multiset of 
neighbour features

Neighbour Aggregation

𝒩! = 𝑗: 𝑖~𝑗



	𝐱!∈𝒩# 	𝐗𝒩# = 𝐱!∈𝒩# 	

multiset of 
neighbour features

𝐗𝒩#

𝐱.

ϕ

local function

Neighbour Aggregation

𝑖



𝐗𝒩#

𝐱.

ϕ

local function

Neighbour Aggregation

𝑖



𝐗𝒩#

𝐱.

ϕ

permutation invariant

local function

Neighbour Aggregation

𝑖



permutation invariant

ϕ

local function

𝐅 𝐗, 𝐀 = −	ϕ 𝐱. , 𝐗𝒩# −

−	ϕ 𝐱;, 𝐗𝒩" −

−	ϕ 𝐱1, 𝐗𝒩$ −

⋮

⋮
𝐗𝒩#

𝐱.

Neighbour Aggregation

𝑖



−	ϕ 𝐱;, 𝐗𝒩" −

𝐅 𝐗, 𝐀 =
−	ϕ 𝐱1, 𝐗𝒩$ −

−	ϕ 𝐱. , 𝐗𝒩# −
⋮

⋮

permutation equivariant

GNN Layer



Convolutional GNNs

𝐱!

𝐱-

𝐱.

𝐱/
𝐱0

Defferard et al. 2016; Kipf, Welling 2016 (GCN)

𝑎!-
𝑎!!

𝑎!/
𝑎!0

𝑎!.

𝐱. 	← 	𝜎 	 K
0∈𝒩#∪ .

𝑎.0𝜓 𝐱0 	



Convolutional GNNs

𝐱!

𝐱-

𝐱.

𝐱/
𝐱0

Defferard et al. 2016; Kipf, Welling 2016 (GCN)

graph 
adjacency

𝑎!-
𝑎!!

𝑎!/
𝑎!0

𝑎!.

𝐱. 	← 	𝜎 	 K
0∈𝒩#∪ .

𝑎.0𝜓 𝐱0 	



Convolutional GNNs

𝐱!

𝐱-

𝐱.

𝐱/
𝐱0

Defferard et al. 2016; Kipf, Welling 2016 (GCN)

nonlinear 
activation

graph 
adjacency

𝑎!-
𝑎!!

𝑎!/
𝑎!0

𝑎!.

𝐱. 	← 	𝜎 	 K
0∈𝒩#∪ .

𝑎.0𝜓 𝐱0 	

node-wise 
transformation



Convolutional GNNs

𝐱!

𝐱-

𝐱.

𝐱/
𝐱0

𝑎!-
𝑎!!

𝑎!/
𝑎!0

𝑎!.

Defferard et al. 2016; Kipf, Welling 2016 (GCN)

nonlinear 
activation

node-wise linear 
transformation

𝐱. 	← 	𝜎 	 K
0∈𝒩#∪ .

𝑎.0𝐖𝐱0	

graph 
adjacency



Convolutional GNNs

𝐱!

𝐱-

𝐱.

𝐱/
𝐱0

Defferard et al. 2016; Kipf, Welling 2016 (GCN)
Rossi, Frasca et B 2020 (SIGN); Ying et al. 2018 (PinSAGE)

𝐗	 ← 	𝜎 𝐀𝐗𝐖

diffusion
𝑛×𝑛

Channel mixing 
𝑑×𝑑

𝑎!-
𝑎!!

𝑎!/
𝑎!0

𝑎!.

• Simplest GNN

• Highly scalable

• Industrial use cases

• Folklore: works only on 
homophilic graphs



Attentional GNNs

𝐱!

𝐱-

𝐱.

𝐱/
𝐱0

𝛼!-
𝛼!!

𝛼!/
𝛼!0

𝛼!.

𝐱. 	← 	𝜎 	 K
0∈𝒩#∪ .

𝛼.0 𝐱. , 𝐱0 𝜓 𝐱0 	

Monti et al. 2017; Veličković et al. 2018 (GAT)

learnable attention 
weights



Attentional GNNs

𝐱!

𝐱-

𝐱.

𝐱/
𝐱0

𝛼!-
𝛼!!

𝛼!/
𝛼!0

𝛼!.

Monti et al. 2017; Veličković et al. 2018 (GAT)

𝐗	 ← 	𝜎 𝐀 𝐗 𝐗



Message-Passing GNNs

𝐱!

𝐱-

𝐱.

𝐱/
𝐱0

𝐦!-

𝐦!!

𝐦!/
𝐦!0

𝐦!.

𝐱. 	← 	𝜎 	 K
0∈𝒩#∪ .

𝜓 𝐱. , 𝐱0 	

Gilmer et al. 2017 (MPNN); Battaglia et al 2018 (Graph Networks)
Wang et B, Solomon 2018 (edgeconv)

message from 
node 𝑗 to node 𝑖



EXPRESSIVE POWER OF GNNS 
& WEISFEILER-LEHMAN TEST



Graph isomorphism

“=”
𝐺 = 𝑉, 𝐸 𝐺′ = 𝑉′, 𝐸′



Graph isomorphism

• Two graphs 𝐺 = 𝑉, 𝐸  and 𝐺′ = 𝑉′, 𝐸′  are isomorphic if there exists an edge-preserving 
bijection φ: 𝑉 → 𝑉′ s.t. 𝑢~𝑣 in 𝐺 iff φ 𝑢 ~φ 𝑣  in 𝐺 2

𝐺 = 𝑉, 𝐸 𝐺′ = 𝑉′, 𝐸′



Graph isomorphism

• Two graphs 𝐺 = 𝑉, 𝐸  and 𝐺′ = 𝑉′, 𝐸′  are isomorphic if there exists an edge-preserving 
bijection φ: 𝑉 → 𝑉′ s.t. 𝑢~𝑣 in 𝐺 iff φ 𝑢 ~φ 𝑣  in 𝐺 2

𝐺 = 𝑉, 𝐸 𝐺′ = 𝑉′, 𝐸′



Graph isomorphism

• Two graphs 𝐺 = 𝑉, 𝐸  and 𝐺′ = 𝑉′, 𝐸′  are isomorphic if there exists an edge-preserving 
bijection φ: 𝑉 → 𝑉′ s.t. 𝑢~𝑣 in 𝐺 iff φ 𝑢 ~φ 𝑣  in 𝐺 2

𝐺 = 𝑉, 𝐸 𝐺′ = 𝑉′, 𝐸′

Note: φ is not unique where the graph has symmetries (edge-preserving automorphism)



Universal Approximation on Graphs

Theorem: A class of functions is universally approximating permutation-
invariant functions on graphs with finite node features iff it can discriminate 
graph isomorphisms.

Chen 2019

Universal approximation on graphs is 
equivalent to graph isomorphism testing



What graphs can MPNNs represent?

MPNN

𝒴

𝒢

Isomorphic 
graphs

Isomorphic graphs have identical representations

Adapted from Bevilacqua et al. 
(LoG Tutorial 2022)



What graphs can MPNNs represent?

𝒴

𝒢

Isomorphic 
graphs

Isomorphic graphs have identical representations 
The converse is not true! (there might be 
indistinguishable non-isomorphic graphs)Adapted from Bevilacqua et al. 

(LoG Tutorial 2022)

MPNN



Expressive power of MPNNs

All permutation-
invariant functions

Functions that can be 
computed by MPNN

Adapted from Bevilacqua et al. 
(LoG Tutorial 2022)

All graph-isomorphism 
discriminating functions



Vlăduţ et al. 1959; Weisfeiler, Lehman 1968

George Vlăduţ Boris WeisfeilerAndrey Lehman

Weisfeiler-Lehman Test & Chemical precursors of GNNs



Weisfeiler, Lehman 1968

Weisfeiler-Lehman Test

{{ }},,, )ϕ(



Weisfeiler, Lehman 1968

Weisfeiler-Lehman Test

{{ }},,, )ϕ(

{{ }},, )ϕ(



Weisfeiler, Lehman 1968

Weisfeiler-Lehman Test

{{ }},,, )ϕ(

{{ }},, )ϕ(



Weisfeiler, Lehman 1968

Weisfeiler-Lehman Test

{{ }},,, )ϕ(

{{ }},, )ϕ(

{{ }},,, )ϕ(

{{ }},, )ϕ(

{{ }},, )ϕ(



Weisfeiler, Lehman 1968

Weisfeiler-Lehman Test
{{ }},,, )ϕ(

{{ }},, )ϕ(

{{ }},, )ϕ(



Weisfeiler, Lehman 1968

Weisfeiler-Lehman Test



non-isomorphic graphs that are WL-equivalent

Necessary but insufficient condition for 
graph isomorphism!



What does WL test see?

=



Example of non-isomorphic graphs that cannot be distinguished 
by Weisfeiler-Lehman test (outputs “possibly isomorphic”)

r-regular graphs (deg=r at every node) with the same number of nodes

What WL cannot test?



Any induced connected pattern with ≥ 3 nodes (triangles, cycles, etc.)

Example of non-isomorphic graphs that cannot be distinguished 
by Weisfeiler-Lehman test (outputs “possibly isomorphic”)

What WL cannot test?



Example of non-isomorphic graphs that cannot be distinguished 
by Weisfeiler-Lehman test (outputs “possibly isomorphic”)

decalin bicyclopnetyl

What WL cannot test?

Important implications e.g. in chemistry!



Expressive power of Weisfeiler-Lehman

All permutation-
invariant functions

Functions depending 
on counts of certain 

substructures

𝑓: 𝐺 ↦ #rings 𝐺

Adapted from Bevilacqua et al. 
(LoG Tutorial 2022)

Functions that can be 
computed by WL



MPNNs vs WL

𝑖

𝑗

• MPNN:

where 𝜙 is injective (hash function) 
• WL-test:

MPNN expressive power is upper-bounded 
by the Weisfeiler-Lehman test

𝐱. ← 𝜙 𝐱. , , , K
0∈𝒩#

	 𝜓 𝐱. , 𝐱0 	

𝐱0 ∶ 𝑗 ∈ 𝒩.𝐱. ← 𝜙 𝐱. , 	𝐱0 ∶ 𝑗 ∈ 𝒩.	



MPNNs vs WL

𝐱. ← 𝜙 𝐱. , , , K
0∈𝒩#

	 𝜓 𝐱. , 𝐱0 	

𝑖

𝑗

• MPNN:

𝐱0 ∶ 𝑗 ∈ 𝒩.𝐱. ← 𝜙 𝐱. , 	𝐱0 ∶ 𝑗 ∈ 𝒩.	
where 𝜙 is injective (hash function) 

• WL-test:

When is MPNN as expressive as the 
Weisfeiler-Lehman test?



Expressive power of MPNNs

All permutation-
invariant functions

Functions that can be 
computed by WL

Functions depending 
on counts of certain 

substructures

Adapted from Bevilacqua et al. 
(LoG Tutorial 2022)

Functions that can be 
computed by some 

MPNNs



Expressive power of MPNNs

All permutation-
invariant functions

Functions that can be 
computed by WL

Adapted from Bevilacqua et al. 
(LoG Tutorial 2022)

Functions that can be 
computed by some 

MPNNs

Functions depending 
on counts of certain 

substructures



					

Are all Aggregators the same?

Input

		
max mean 

	
sum

“skeleton” 
of the multiset

Distribution 
of the multiset



Are all Aggregators the same?

mean and max
fail to distinguish

max
fails to distinguish

mean and max
fail to distinguish



Graph Isomorphism Network (GIN)

Theorem: Assume graph node features are from a countable set. Then, an 
MPNN with with injective aggregator □ , update function ϕ, and graph-wise 
readout function, is as powerful as the Weisfeiler-Lehman test.  

• Assumption of discrete countable features (often not the case in practice)

• GIN: uses an injective multiset function of the form 

Xu 2019; Morris 2019; Zaheer et al. 2017 (DeepSets)

MLP 1 + 𝜖 𝐱3 + 6
%∈𝒩2

𝐱%



Expressive power of GIN (“best MPNN”)

All permutation-
invariant functions

Functions that can be 
computed by GIN

=

Adapted from Bevilacqua et al. 
(LoG Tutorial 2022)

Functions that can be 
computed by WL



Expressive power of GIN (“best MPNN”)

Functions that can be 
computed by GIN

= More expressive
GNNs

Adapted from Bevilacqua et al. 
(LoG Tutorial 2022)

Functions that can be 
computed by WL

All permutation-
invariant functions



Towards More Expressive GNNs

Topological 
message passing

Subgraph 
GNNs

Papp et al. 2021
Cotta et al. 2021
Zhao et al. 2021
Bevilacqua, Frasca et B, Maron 2021
Frasca et B, Maron 2022

Bodnar, Frasca et B 2021

Higher-order 
WL tests

Maron et al. 2019
Morris et al. 2019

Positional & 
Structural encoding

Monti, Otness et B 2018
Sato 2020
Dwivedi et al. 2020
Bouritsas, Frasca et B 2020
…many more



GCN

PPGN

t

ex
pr

.

higher-order (beyond pairwise)

message-passing

MPNN / GIN
(1-W

L)

𝛅-2-LWL+

1-CLIP / 
rMPNN

∞-CLIP/ 
RP-GNN

stochastic (results in expectation)

(3-IC)-CWN

?

DGN

2-IGN / 2-GNN

?

?

(3-W
L)

(k-W
L)

Caveats

convergence
tuning / selection
preprocessing
invariance

unproven low./upp.

? unknown relation

k-SAN

?

k-CLIP

Graphormer

H-GSN

(k-CL)-CWN

?
?

?

node-based 
Subgraph GNNs

?

(k–2)-OSAN
k-IGN /  k-GNN

SUN

DSS-GNN

DS-GNN / 1-OSAN

?

3-IGN / 3-GNN

(k–1)-Folklore GNN (/-
PPGN)

𝛅-k-LWL+

?

?

Source: Bevilacqua, Frasca, Maron: LoG Tutorial 2022



Practice

WL test = expressive power

Theory

Some graphs may be 
unfriendly for message passing

Some non-isomorphic graphs 
cannot be tested by WL



GNN expressive power 

1-WL

2-WL

3-WL

in
cr

ea
sin

gl
y 

ex
pr

es
siv

e t
es

t

d-regular

CFI graphs

Weisfeiler, Lehman 1968 (2-WL); Babai, Mathon 1979 (k-WL); 
Cai, Furer, Immerman 1992 (CFI graphs)

strongly regular

k-GNNs

Message-Passing GNN
Xu et al. 2019

Maron et al. 2020; Morris et al. 2019

Subgraph Union Network
Frasca et B 2022

k-WL

More expressive isomorphism 
tests (k-WL hierarchy)



GNN expressive power 

More expressive isomorphism 
tests (k-WL hierarchy)

1-WL

2-WL

3-WL

in
cr

ea
sin

gl
y 

ex
pr

es
siv

e t
es

t

d-regular

CFI graphs

Weisfeiler, Lehman 1968 (2-WL); Babai, Mathon 1979 (k-WL); 
Cai, Fürer, Immerman 1992 (CFI graphs)

strongly regular

k-WL

Gap between 
Theory & Practice

Graph rewiring

Decouple input graph from the 
computational graph

Alon, Yahav 2020 (bottlenecks); Hamilton et al. 2017 (neighbour sampling); 
Klicpera et al. 2019 (diffusion); Topping, Di Giovanni et B 2022 (Ricci flow); 
Deac et al. 2022 (expanders); Barbero et B, Di Giovanni 2024 (LASER)



GNN
input graph

Classical GNNs: propagate information on 
the input graph



GNN
input graph

Equivariant GNN
+data symmetry 

group

Cellular GNN
high-order 

complex

Positional encoding
extra features

Subgraph GNN
product symmetry

group

M O R E     S T R U C T U R E

CNN
canonical node 

ordering



DeepSet/PointNet
no graph

GNN
input graph

Transformer
learnable graph

Equivariant GNN
+data symmetry 

group

Cellular GNN
high-order 

complex

Positional encoding
extra features

Graph rewiring
modified graph

Subgraph GNN
product symmetry

group

M O R E     S T R U C T U R E

LESS STRUCTURE LATENT STRUCTURE

CNN
canonical node 

ordering



Classical GNNs: propagate information on 
the input graph



“Modern” GNNs: propagate information on 
some other “better” graph



Mesh

Graphs vs Meshes vs Grids

Grid Graph



Graphs vs Meshes vs Grids

1

2 2

3 3
4 4

5 5

6 61

2

3
4

5

6

MeshGrid Graph
Fixed

1



Graphs vs Meshes vs Grids

1

2

3
4

5

6

RotationFixed
MeshGrid Graph

1

2

3
4

5

6

4

5

6
1

3

2



Graphs vs Meshes vs Grids

6

2
3

4

5
1

2

3
4

5

6

Rotation PermutationFixed

Graphs have the least structure 

MeshGrid Graph

1

1

2

3
4

5

6



Graphs vs Meshes vs Grids

MeshGrid Graph



?
Graphs vs Meshes vs Grids

Continuous models for GNNs?

MeshGrid Graph



Physics-inspired GNNs



Physical metaphor of Graph ML

time

fea
tu

re
 sp

ac
e

𝐗̇ 𝑡 = 𝐅𝛉 : 𝐗 𝑡 , 𝒢

Haber, Ruthotto 2017; Chen et al. 2019 (Neural ODEs); Xhonneau et al. 2020 (CGNN); Chamberlain et B. 2021 (GRAND, BLEND); Eliasof, Haber 2021 (PDE-GCN); 
Di Giovanni, Rowbottom et B 2022 (GRAFF), Rusch et B 2022 (GraphCON); Wu et B, Yan 2023; Eliasof et al. 2023; 2024 (TDE-GNN)

• GNN = dynamic system

𝐗 𝑡n

d



Physical metaphor of Graph ML

• layers = discretisation of time

• graph = coupling function 
(discretisation of space)

• GNN = dynamic system

time

fea
tu

re
 sp

ac
e

𝑡 𝑡 + 𝜏

𝐗 𝑡 + 𝜏 = 𝐗 𝑡 + 𝜏𝐅𝛉 : 𝐗 𝑡 , 𝒢

Haber, Ruthotto 2017; Chen et al. 2019 (Neural ODEs); Xhonneau et al. 2020 (CGNN); Chamberlain et B. 2021 (GRAND, BLEND); Eliasof, Haber 2021 (PDE-GCN); 
Di Giovanni, Rowbottom et B 2022 (GRAFF), Rusch et B 2022 (GraphCON); Wu et B, Yan 2023; Eliasof et al. 2023; 2024 (TDE-GNN)



Anonymous 1701

I. Newton

Newton Law of Cooling:
“the [temperature] a hot 
body loses in a given time
is proportional to the 
temperature difference 
between the object and the 
environment”

Heat Diffusion



Heat Diffusion Equation on Graphs

𝐱̇; 𝑡 	= 𝐱; 𝑡 	−
1
𝑑;
2
<∈𝒩!

𝑎;<𝐱< 𝑡

𝐱!𝐱-



𝐱̇; 𝑡 = 𝐱; 𝑡 −
1
𝑑;
2
<∈𝒩!

𝑎;<𝐱< 𝑡

rate of temperature 
change

temperature of the 
environment

self 
temperature

𝐱!𝐱-

Heat Diffusion Equation on Graphs



𝐱!𝐱-

gradient 
− ∇𝐗 !-  

divergence 
div 

∇𝐗 3%

𝐱̇; 𝑡 	= 	
1
𝑑;
2
<∈𝒩!

𝑎;< 𝐱; 𝑡 −𝐱< 𝑡

Heat Diffusion Equation on Graphs



𝐱!𝐱-

𝐗̇ 𝑡 	= −div ∇𝐗 𝑡

Heat Diffusion Equation on Graphs



𝐱!𝐱-

𝐗̇ 𝑡 	= 	∆𝐗 𝑡

Heat Diffusion Equation on Graphs



Heat Diffusion Equation as a prototypical Gradient Flow

𝐗̇ 𝑡 	= 	−∇ℇ 𝐗 𝑡

ℇ@AB 𝐗 =
1
2
2
<∈𝒩!

∇𝐗 ;<
C

• Heat equation is the gradient flow of the Dirichlet energy
• “Smoothness” of the node features
• Dirichlet energy decreases along the flow
• In the limit 𝑡 → ∞ results in “oversmoothing”

=
1
2
trace 𝐗D∆𝐗

G. Dirichlet

time
fea

tu
re

 sp
ac

e



Heat Diffusion Equation as a prototypical Gradient Flow

𝐗̇ 𝑡 	= 	−∇ℇ 𝐗 𝑡

ℇ@AB 𝐗 =
1
2
2
<∈𝒩!

∇𝐗 ;<
C

• Heat equation is the gradient flow of the Dirichlet energy
• “Smoothness” of the node features
• Dirichlet energy decreases along the flow
• In the limit 𝑡 → ∞ results in “oversmoothing”
• Not very expressive: works only in homophilic graphs 
   (“similar neighbours”)

Zhou, Schölkopf 2005 (label propagation); Rossi et B 2021 (feature propagation)

=
1
2
trace 𝐗D∆𝐗

G. Dirichlet

homophilicheterophilic



time
fea

tu
re

 sp
ac

e

Traditional GNNs

𝐗̇ 𝑡 = 𝐅𝛉 : 𝐗 𝑡 , 𝒢

Gradient Flow Framework (GRAFF)

Di Giovanni, Rowbottom et B 2022



time
fea

tu
re

 sp
ac

e

Traditional GNNs

• Parametrize evolution equations

GRAFF

• Parametrize energy

Gradient Flow Framework (GRAFF)

Di Giovanni, Rowbottom et B 2022

𝐗 𝑘 + 1 = 𝐗 𝑘 + 𝜏𝐅𝛉 E 𝐗 𝑘 , 𝒢 ℇ𝛉 : 𝐗 𝑡 , 𝒢



time
fea

tu
re

 sp
ac

e

Traditional GNNs

• Parametrize evolution equations

GRAFF

• Parametrize energy

• Derive evolution equation as GF

• Better “interpretability”

Gradient Flow Framework (GRAFF)

Di Giovanni, Rowbottom et B 2022

𝐗 𝑘 + 1 = 𝐗 𝑘 + 𝜏𝐅𝛉 E 𝐗 𝑘 , 𝒢 𝐗̇ 𝑡 = −∇ℇ𝛉 : 𝐗 𝑡 , 𝒢



Di Giovanni, Rowbottom et B 2022

Theorem: Linear graph diffusion 
(“convolutional GNN”) with 
appropriately designed channel mixing 
matrix 𝐖 (symmetric & with 
sufficiently large negative eigenvalues) 
can provable avoid oversmoothing. 

ℇ𝛉 𝐗 	= 	−
1
2 2
<∈𝒩!

A𝑎;< 𝐱; ,𝐖𝐱<

• Attraction along positive eigenvectors of 𝐖
• Repulsion along negative eigenvectors of 𝐖

𝐗̇ 𝑡 = C𝐀𝐗(𝑡)𝐖



Di Giovanni, Rowbottom et B 2022

Theorem: Linear graph diffusion 
(“convolutional GNN”) with 
appropriately designed channel mixing 
matrix 𝐖 can avoid oversmoothing. 

ℇ𝛉 𝐗 	= 	−
1
2 2
<∈𝒩!

A𝑎;< 𝐱; ,𝐖𝐱<

• Attraction along positive eigenvectors of 𝐖
• Repulsion along negative eigenvectors of 𝐖

𝐗̇ 𝑡 = C𝐀𝐗(𝑡)𝐖

Contradicts GNN “folklore”!



Homophily vs Heterophily

Node-wise MLP

GCN

GRAFF

homophilicheterophilic

Te
st

 ac
cu

ra
cy

Di Giovanni, Rowbottom et B 2022

Synthetic Cora node classification task



Bodnar, di Giovanni, et B. 2022

ManifoldGraph

Cellular Sheaves

𝑢𝑣

𝑤

𝑢𝑣 𝑒



Bodnar, di Giovanni, et B. 2022

Manifold + ConnectionCellular sheaf ℱ

Cellular Sheaves

𝑢𝑣

𝑤

ℱ 𝑢ℱ 𝑣

ℱ 𝑤

𝑢𝑣 𝑒

ℱ 𝑢ℱ 𝑣 ℱ 𝑒



Bodnar, di Giovanni, et B. 2022

Manifold + ConnectionCellular sheaf ℱ

Cellular Sheaves

𝑢𝑣

𝑤

ℱ 𝑢ℱ 𝑣

ℱ 𝑤

𝑢𝑣 𝑒

ℱ 𝑢ℱ 𝑣 ℱ 𝑒

ℱ5⊴7

ℱ5⊴7(

ℱ8⊴7

ℱ8⊴7(



Bodnar, di Giovanni, et B. 2022

Analogy to parallel transport 
on manifolds

Cellular sheaf ℱ

Cellular Sheaves

𝑢𝑣

𝑤

ℱ 𝑢ℱ 𝑣

ℱ 𝑤

𝑒)

𝑒+

𝑒9

𝑢𝑣 𝑒

ℱ 𝑢ℱ 𝑣 ℱ 𝑒

ℱ5⊴7

ℱ5⊴7(

ℱ8⊴7

ℱ8⊴7( ℱ8⊴74
( ℱ:⊴74

ℱ5⊴75
( ℱ8⊴75

ℱ:⊴76
( ℱ5⊴76



Bodnar, di Giovanni, et B. 2022

Cellular Sheaves

𝑢𝑣

𝑤

ℱ 𝑢ℱ 𝑣

ℱ 𝑤

𝑒)

𝑒+

𝑒9

𝑢𝑣 𝑒

ℱ 𝑢ℱ 𝑣 ℱ 𝑒

ℱ5⊴7

ℱ5⊴7(

ℱ8⊴7

ℱ8⊴7( ℱ8⊴74
( ℱ:⊴74

ℱ5⊴75
( ℱ8⊴75

ℱ:⊴76
( ℱ5⊴76

Endow graph with ”geometry” leading to richer diffusion
 with better separation, ability to cope with heterophily, 

and no oversmoothing



Bodnar, di Giovanni, et B. 2022

Diffusion on Cellular Sheaves

Node classification = limit of sheaf diffusion equation 
with an appropriate sheaf class

𝐗̇ 𝑡 = ∆ℱ𝐗 𝑡

Sheaf class ℱ, dim=dGraph type
Homophilic

#Classes
2 Symmetric d=1

Heterophilic 2 Symmetric d=1

✓

✗

Non-symmetric d=1 ✓2

Non-symmetric d=1≥3 ✗

Orthogonal, d={2,4} ≤2d ✓



Michael Galkin



Homogeneous Diffusion in Image Processing

𝐗 0

𝐗̇ 𝑡 = −div 𝑐∇𝐗 𝑡



Homogeneous Diffusion in Image Processing

𝐗 0 𝐗 𝑡 = 𝐗 0  ⋆ 𝐆M∝O

𝐗̇ 𝑡 = −div 𝑐∇𝐗 𝑡



Non-homogeneous Diffusion in Image Processing

𝐗 0 𝐗 𝑡 = 𝐗 0  ⋆ 𝐆M∝O

𝐗̇ 𝑡 = −div
∇𝐗 𝑡

1 + 𝑐 ∇𝐗 𝑡 !
edge indicator

“Do not diffuse across edges”
Perona, Malik 1990



Non-homogeneous Diffusion in Image Processing

𝐗̇ 𝑡 = −div
∇𝐗 𝑡

1 + 𝑐 ∇𝐗 𝑡 !
edge indicator

Non-homogeneous Homogeneous
Perona, Malik 1990



𝐱!𝐱-

Non-homogeneous Diffusion on Graphs

𝐱̇; 𝑡 	= 	 2
<∈𝒩!

𝑎 𝐱; 𝑡 , 𝐱< 𝑡 𝐱< 𝑡 − 𝐱; 𝑡



𝐱!𝐱-

Non-homogeneous Diffusion on Graphs

𝐱̇; 𝑡 	= 	 2
<∈𝒩!

𝑎 𝐱; 𝑡 , 𝐱< 𝑡 𝐱< 𝑡 − 𝐱; 𝑡
learnable diffusivity



𝐱!𝐱-

Non-homogeneous Diffusion on Graphs

Explicit (Forward Euler) 
discretization

learnable diffusivity
time
step

𝐱; 𝑡 + 𝜏 = 𝐱; 𝑡 + 𝜏	 2
<∈𝒩!

𝑎 𝐱; 𝑡 , 𝐱< 𝑡 𝐱< 𝑡 − 𝐱; 𝑡



𝐱!𝐱-

Non-homogeneous Diffusion on Graphs

𝐱; 𝑡 + 𝜏 = 2
<∈𝒩!

𝑎 𝐱; 𝑡 , 𝐱< 𝑡 𝐱< 𝑡
normalised ∑- 𝑎!- = 1
Unit step 𝜏 = 1

GAT!



Advective Diffusion Transformer

Wu et B, Yan 2023

𝐗̇ 𝑡 = div 𝐒 𝑡 ∇𝐗 𝑡 + 𝛽div 𝐕 𝑡 𝐗 𝑡



Advective Diffusion Transformer

Wu et B, Yan 2023

𝐗̇ 𝑡 = div 𝐒 𝑡 ∇𝐗 𝑡 + 𝛽div 𝐕 𝑡 𝐗 𝑡
advectiondiffusion



Advective Diffusion Transformer

Wu et B, Yan 2023

𝐗̇ 𝑡 = div 𝐒 𝑡 ∇𝐗 𝑡 + 𝛽div 𝐕 𝑡 𝐗 𝑡



Spatial Derivative: Graph Rewiring?

𝑥̇ 𝑡 	= 	∆𝑥 𝑡



Different discretisations of 2D Laplacian

Spatial Derivative: Graph Rewiring?

𝑥̇ 𝑡 	= 	∆𝑥 𝑡



Kimmel et al. 1997; Sochen et al. 1998

Non-linear diffusion

𝐗̇ = −div 𝑎 𝐗 ∇𝐗 𝐙̇ = ∆𝐆𝐙

Non-Euclidean diffusion

Images as embedded manifolds



Beltrami flow

Kimmel et al. 1997; Sochen et al. 1998

• Consider image as embedded 2-manifold 
𝐙 𝐮 = 𝐮, 𝛼𝐗 𝐮 	

• Pullback metric: 2×2 matrix 

𝐆 = 𝐈 + 𝛼! ∇𝐮𝐗 𝐮
T

 ∇𝐮𝐗 𝐮

• Beltrami flow = gradient flow of the 
Polyakov energy (harmonic energy of the 
embedding used in string theory) 𝐙̇ = ∆𝐆𝐙

positional 
coordinates

feature coordinates

E. Beltrami



Graph Beltrami flow

Chamberlain, Rowbottom, et B. 2021 
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Graph Beltrami flow

Chamberlain, Rowbottom, et B. 2021 
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coordinates 𝐳# = 𝐮# , 𝐱# 	

• Graph Beltrami flow

𝐳̇. 𝑡 = K
0∈𝒩#

𝑎 𝐳. 𝑡 , 𝐳0 𝑡 𝐳0 𝑡 − 𝐳. 𝑡

• Evolution of 𝐱 = feature diffusion

• Evolution of 𝐮 = graph rewiring

‘



Graph Beltrami flow

Chamberlain, Rowbottom, et B. 2021 

Evolution of positional/feature components + rewiring of the Cora graph



Geometric Flows & Rewiring



Ricci 1903; Hamilton 1988;

Ricci flow

• Ricci flow: “diffusion of the Riemannian metric”
𝜕𝑔#$
𝜕𝑡

= 𝑅#$

Evolution of a manifold under Ricci flow

G. Ricci-
Curbastro

R. Hamilton



Ricci 1903; Hamilton 1988; Perelman 2003

G. Ricci-
Curbastro

R. HamiltonG. Perelman



“Failure of Message Passing to propagate 
information on the graph”



Over-squashing = Fast volume growth 
                                    + Long-range interactions

Alon, Yahav 2020

Over-squashing & Bottlenecks

In some graphs metric ball volume grows exponentially 
with ball radius



Over-squashing = Fast volume growth 
                                    + Long-range interactions

Alon, Yahav 2020

Over-squashing & Bottlenecks

task

graph topology

In some graphs metric ball volume grows exponentially 
with ball radius



Over-squashing

Topping, Di Giovanni et B 2021; Di Giovanni et B 2023

• Consider an MPNN of the form

𝐱#
%&' = 𝜎 𝐖'𝐱#

% +6
$

𝑎#$𝐖!𝐱$
%

• 𝐿 = depth (number of layers)
• 𝑝 =width (hidden dimension)
• Nonlinearity 𝜎 is 𝑐(-Lipschitz-continuous
• 𝑤 =	maximum element of weight matrices 𝐖', 𝐖!

Theorem (Sensitivity bound): For any 𝑖, 𝑗
)𝐱2

7

)𝐱8
9

'

≤ 𝑐M𝑤𝑝 + 𝐈 + 𝐀 #$
+  
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om

𝑥!

𝑥-

a distant
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e

update

Over-squashing: small Jacobian 

𝜕𝐱!
: /𝜕𝐱-

;  indicates poor 
information propagation from 
input node
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• Consider an MPNN of the form

𝐱#
%&' = 𝜎 𝐖'𝐱#

% +6
$

𝑎#$𝐖!𝐱$
%

• 𝐿 = depth (number of layers)
• 𝑝 =width (hidden dimension)
• Nonlinearity 𝜎 is 𝑐(-Lipschitz-continuous
• 𝑤 =	maximum element of weight matrices 𝐖', 𝐖!
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Over-squashing: small Jacobian 

𝜕𝐱!
: /𝜕𝐱-

;  indicates poor 
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input node

Theorem (Sensitivity bound): For any 𝑖, 𝑗
)𝐱2

7

)𝐱8
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≤ 𝑐M𝑤𝑝 + 𝐈 + 𝐀 #$
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model topology



Preventing over-squashing

Di Giovanni et B 2023

)𝐱2
7

)𝐱8
9

'

≤ 𝑐M𝑤𝑝 + 𝐈 + 𝐀 #$
+  

model topology

𝑥!

𝑥-

𝑥!

𝑥-



Ricci 1903

Ricci Curvature on Manifolds

Euclidean (=0) Hyperbolic (<0)Spherical (>0)

“geodesic dispersion”

𝑝 𝑞



Discrete Ricci Curvature on Graphs

Topping, Di Giovanni et B 2021

𝑝
𝑞

𝑘

Grid (=0) Tree (<0)Clique (>0)



What contributes to over-squashing?

Topping, Di Giovanni et B 2021

Theorem: (informal) strong negatively-curved edges contribute to over-squashing.

𝑝
𝑞

𝑘

Grid (=0) Tree (<0)Clique (>0)



Graph Rewiring Approaches

Discrete Ricci flow
(SDRF)

Topping, Di Giovanni et B. 2022

Connectivity Diffusion
(DIGL)

Gasteiger et al. 2019

Expander Propagation
(EGP)

Deac et al. 2022

• KNN graph on PPR embedding
+ Good for homophilic graphs
– Bad for heterophilic graphs
– Drastically different graph

• Fixed expander graph
• Alternate MP on original and 
   new graph
+ Optimal graph for MP
– No relation to input graph
– No permutation equivariance

• Remove negatively-curved edges
+ Good for both homophilic and
   heterophilic graphs
+ “Surgical” rewiring
– Curvature is computationally  
   expensive

No relation to the task!



Why it is important to consider the task?

∝ 𝑟,'

Coulomb interactions

∝ 𝑟,'!

Van der Waals interactions



Why it is important to consider the task?

Same graph+features, different task

Coulomb interactionsVan der Waals interactions

∝ 𝑟,'∝ 𝑟,'!

Whether the graph is good depends on the task!



Long-range interactions & Expressivity



Long-range interactions in graph tasks

Di Giovanni, Rusch, B, Deac, Lackenby, Mishra, Veličković 2023

• Task = a function 𝑓 𝐗  on the node features of a graph 𝐺

• The interaction between features in nodes 𝑖 and 𝑗 
required for the task is given by  

Mixing of 𝑓: mix- 𝑖, 𝑗 = max
𝐗

max
'/0,2/3

𝜕!𝑓 𝐗

𝜕𝑥#
0𝜕𝑥$

2

• 𝑓 𝐗 = 𝜙 𝐱# + 𝜙 𝐱$  is fully separable, thus mix- 𝑖, 𝑗 = 0

𝑓



Long-range interactions in graph tasks

Di Giovanni, Rusch, B, Deac, Lackenby, Mishra, Veličković 2023

• Task = a function 𝑓 𝐗  on the node features of a graph 𝐺

• The interaction between features in nodes 𝑖 and 𝑗 
required for the task is given by  

Mixing of 𝑓: mix- 𝑖, 𝑗 = max
𝐗

max
'/0,2/3

𝜕!𝑓 𝐗

𝜕𝑥#
0𝜕𝑥$

2

• 𝑓 𝐗 = 𝜙 𝐱# + 𝜙 𝐱$  is fully separable, thus mix- 𝑖, 𝑗 = 0

• 𝑓 𝐗 = 𝜙 𝐱#, 𝐱$  mixing depends on how non-linear 𝜙 is 

𝑓



Capacity bounds

Di Giovanni, Rusch, B, Deac, Lackenby, Mishra, Veličković 2023

What is the capacity of MPNN required for a given task?

mix- 𝑖, 𝑗 ≤ 6
%4'

+,'

𝑐M𝑤 !+,%,' 𝑤 𝐒+,%
5
diag 𝟏5𝐒% 𝐒+,% + 𝐶𝐐%

#$
model topologytask



Capacity bounds

Di Giovanni, Rusch, B, Deac, Lackenby, Mishra, Veličković 2023

mixing

What is the capacity of MPNN required for a given task?
model + topology

mix- 𝑖, 𝑗 ≤ 6
%4'

+,'

𝑐M𝑤 !+,%,' 𝑤 𝐒+,%
5
diag 𝟏5𝐒% 𝐒+,% + 𝐶𝐐%

#$
model topologytask



Capacity bounds

Di Giovanni, Rusch, B, Deac, Lackenby, Mishra, Veličković 2023

Bound on weights 𝑤

𝑤 ≥
𝑑678
𝑐!

mix- 𝑖, 𝑗
𝑞

'/3 #,$

• 𝑑678 =min node degree
• Fixed depth 𝐿 = 𝑑 𝑖, 𝑗 /2  
• 𝑞 =number of paths of length 𝑑 𝑖, 𝑗  

between 𝑖 and 𝑗

Bound on depth 𝐿

𝐿 ≥
𝜏 𝑖, 𝑗
4𝑐!

+
|𝐸|
𝑑#𝑑$

𝛼mix- 𝑖, 𝑗 − 𝛽

• 𝑑# =degree of node 𝑖
• 𝛼,𝛽 =model-related constants
• 𝐸 =number of edges
• Bounded weights 

mix- 𝑖, 𝑗 ≤ 6
%4'

+,'

𝑐M𝑤 !+,%,' 𝑤 𝐒+,%
5
diag 𝟏5𝐒% 𝐒+,% + 𝐶𝐐%

#$



Capacity bounds

Di Giovanni, Rusch, B, Deac, Lackenby, Mishra, Veličković 2023

Bound on weights 𝑤

𝑤 ≥
𝑑678
𝑐!

mix- 𝑖, 𝑗
𝑞

'/3 #,$

Bound on depth 𝐿

𝐿 ≥
𝜏 𝑖, 𝑗
4𝑐!

+
|𝐸|
𝑑#𝑑$

𝛼mix- 𝑖, 𝑗 − 𝛽

“weights need to be large enough 
to allow mixing” 

• Depth must be ~commute time 𝜏 𝑖, 𝑗
• Rewiring tries to improve 𝜏
• 𝜏	can be as large as 𝑂 𝑛: , which implies 

impossibility statements

mix- 𝑖, 𝑗 ≤ 6
%4'

+,'

𝑐M𝑤 !+,%,' 𝑤 𝐒+,%
5
diag 𝟏5𝐒% 𝐒+,% + 𝐶𝐐%

#$



Expressive power without Weisfeiler-Lehman

Di Giovanni, Rusch, B, Deac, Lackenby, Mishra, Veličković 2023

B. WeisfeilerA. Lehman

Expressive power (informal): MPNN with 𝐿 ≤ 𝑛
layers cannot learn tasks that require high mixing 
among features at nodes with large commute time.  



Delayed Message Passing
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What + Where
𝜓

𝜓

𝜓

𝜓

𝜓

𝜓

Σ



What + Where + When



Classical MPNN Graph Transformer

Gutteridge, Di Giovanni et B 2023



Gutteridge, Di Giovanni et B 2023

Classical MPNN Graph Transformer



Classical MPNN Graph Transformer
Gutteridge, Di Giovanni et B 2023



Gutteridge, Di Giovanni et B 2023

Dynamic Rewiring 
(DRew)

Graph Transformer



Gutteridge, Di Giovanni et B 2023

Dynamic Rewiring 
(DRew)

Dynamic Rewiring + delay 
(𝝼DRew)
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Finkelshtein, Huang, B, Ceylan 2023

Cooperative Message Passing

Standard Message Passing 
each node Broadcasts & Listens

Cooperative Message Passing 
each node individually decides 



Finkelshtein, Huang, B, Ceylan 2023; Illustration: DALL-E 3 (after a lot of effort)

Cooperative Message Passing

Broadcast & 
Listen

Listen Broadcast Isolate
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Co-GNN

MPNN

Finkelshtein, Huang, B, Ceylan 2023

Cooperative Message Passing



What do we gain from physics-inspired GNNs?

• New perspectives on old problems (e.g. oversmoothing, bottlenecks, etc.)

• Explains old architectures & gives rise to new ones
• Principled architectural choices (residual connection, shared symmetric weights)

• Theoretical guarantees (e.g. stability, convergence, expressive power, etc.)

• Deep links to other fields less known in GNN literature (e.g. differential geometry 
& algebraic topology)

• In GNNs, the graph is both input and computational device – not all graphs are good!

• Rewiring tells what messages to send where

• Dynamic rewiring+delay adds control also when 



Biology

Weather

New materialsPhysics

Pure mathChemistry Urban planning

Chip design



Equivariance & Beyond?



R1

R2

R3

R4

R5

R6

R7

…

Protein folding

3D structureSequence of 
amino acids

Protein Folding



“[protein] conformation is determined by 
the totality of interatomic interactions and 
hence by the amino acid sequence”

C. Anfinsen

Anfinsen 1972 Nobel Lecture; Portrait: Ihor Gorskyi



Jumper et al. 2022; CASP14

AlphaFold2: the “ImageNet moment” of Structural Biology
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Revolution in Structural Biology 

Baek et al. 2021

RosettaFold
SE 3 -equivariant 

Transformer

Jumper et al. 2021

AlphaFold	2
“Invariant point 

attention”



2024 Nobel Prize in Chemistry
for computational protein design





Benaich et al., State of AI report 2024



Wang, Elhag et al. 2023 Elhag et B, 2024



Benaich et al., State of AI report 2024



Quo vadimus?





Joshi 2021



𝑦𝑥 𝑓

“How f interacts with the group G acting on x?”
𝑓 𝑔. 𝑥 = 𝑓 𝑥 	



𝑦𝑓
𝜃
𝑥

“How f interacts with the group G acting on x?”
𝑓 𝑔. 𝑥 = 𝑓 𝑥 	



𝑦𝑓
𝜃

𝑥

“How f interacts with the group G acting on x and H acting on 𝜃?”
𝑓 𝑔. 𝑥, ℎ. 𝜃 = 𝑓 𝑥, 𝜃 	
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Symmetries of the Weights

• 𝐿-layer neural network with weights 𝛉 = 𝐖' , 𝐛' , … ,𝐖+ , 𝐛+

• Parameter space symmetry 𝐺 = S34×⋯×S37

    such that 𝑓 j, 𝑔𝛉 = 𝑓 j, 𝛉 	

𝐖'
; = 𝚷'5𝐖'      𝐛'; = 𝚷'5𝐛'

𝐖<
; = 𝚷<

5𝐖<𝚷<,'     𝐛<; = 𝚷<
5𝐛<

⋮        ⋮

𝐖+
; = 𝐖+𝚷+,'     𝐛+; = 𝐛+



Gelberg et B, Maron 2025

ℒℬ =
1
ℬ

<
𝐱,𝐲 ∈ℬ

ℓ 𝑓 𝐱, 𝛉 , 𝐲
ℒ 𝐱,𝐲

Symmetries in the Gradient Space

where 𝐠, =
-ℓ / 𝐱,𝛉 ,𝐲

-𝐮!

∇𝐖!ℒ 𝐱,𝐲 = 𝐠,𝐚,3!&

∇𝐛!ℒ 𝐱,𝐲 = 𝐠,
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Symmetries in the Gradient Space
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S ℬ
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𝐚! 𝐠!

𝐺5 = S ℬ ×S6"×⋯×S6#

∇𝐖! 	 =

S3@ 

S ℬ
S3@A4 



Gelberg et B, Maron 2025

GradMetaNet

→ model optimisation

→ model editing

→ model analysis



Gelberg et B, Maron 2025

GradMetaNet: Learning Optimisation



Gelberg et B, Maron 2025

GradMetaNet: Learning Optimisation





Low-Rank Adaptors (LoRA)

𝑛 𝐖

𝑚



Low-Rank Adaptors (LoRA)

𝑛 𝐖

𝑚

𝐔

𝑟

+
𝐕&
𝑚



Low-Rank Adaptors (LoRA)

𝑛 𝐖

𝑚

𝐔

𝑟

+
𝐕&
𝑚

❄ 🔥

🔥



Low-Rank Adaptors (LoRA)

𝑛 𝐖

𝑚

+
❄

𝐔

𝑟

🔥

𝐕&
𝑚

🔥𝐑	𝐑3!

LoRA 𝐔, 𝐕  defined up to GL 𝑟   
Putterman, Lim, Gelberg et B 2025



Learning on LoRAs (LOL)

Putterman, Lim, Gelberg et B 2025



Horwitz et al. 2025



Learning on LoRAs (LOL)

Putterman, Lim, Gelberg et B 2025



Learning on LoRAs (LOL)

Putterman, Lim, Gelberg et B 2025



Learning on LoRAs (LOL)

Putterman, Lim, Gelberg et B 2025

Using LoL models to predict CelebA attributes (left) and Imagenette classes (right) 
of the finetuning data of diffusion models, given only the LoRA weights. 



Liang, Tang, Zhou et B 2025

Drag-and-Drop LLMs



Liang, Tang, Zhou et B 2025

Drag-and-Drop LLMs



THE STORY CONTINUES
IN THE WEIGHT SPACE





Thank you!



Huguet et Bose, Tong, B 2024 (FoldFlow++)

Motif-Scaffolding

motif

scaffold

Designing novel proteins where functional part (motif) is known and 
the remaining part (scaffold) is generated 



Zero-shot Molecular Dynamics

Jing et al. 2024 (ESMFlow); Huguet et Bose, Tong, B 2024 (FoldFlow++)

Groundtruth ESMFlow-MD FoldFlow++

Protein conformations generated by different models



Target E3

Békés et al. 2022

Sun et al. 2012

Fragment-based
• Molecule growing

• Fragment merging

• Fragment linking

Bancet et al. 2020

Scaffold hopping

Targeted protein degradation

• PROTAC

• Molecular glue



Yamamoto et al. 2022



Problem setup: “molecular impainting”

• Fragments placed in 3D space (known fixed orientation)
• Variable linker size
• Unknown attachment atoms (anchors)
• Variable number of fragments
• No clashes with protein pocket



Igashov, Stärk, Vignac et Welling, B, Correia 2022

DiffLinker

reverse diffusion (“denoising”)



Linking pairs of fragments

Igashov, Stärk, Vignac et Welling, B, Correia 2022



Igashov, Stärk, Vignac et Welling, B, Correia 2022

Linking multiple fragments

Input Fragments True Molecule DiffLinker SamplesInput Fragments Groundtruth DiffLinker samples



Soluble at 1 mM

LogP 3.88

LogP 0.02

High solubility, 
up to 5 mM

Experimental results: Binders

Elizarova et al. 2024 (work in progress) Bromodomain-containing  protein 4 
(BrD4)



Unexpected Application: Material Design for Carbon capture

Park et al. 2024

Generation of Metal-Organic Frameworks (MOF) for C capture Example of generated MOF



Future directions: Synthesis prediction

Igashov, Schneuing, Segler, B, Correia 2023

RetroBridge: generative model for retrosynthesis design



Naef, B 2024

White-box 
software

White-box 
data

Human

Black-box 
software

White-box 
data

Human

Black-box 
software

White-box data 
massively scaled

Human

Black-box software: 
specialised ML model

Black-box data 
cheap & scaled

HumanLab in 
the loop



Conclusions

• Geometric deep learning is a powerful tool for molecular modelling

• Rootes in fundamental mathematical principles of invariance & symmetry
• Geometric generative models models 

• Experimental validation!



“The knowledge of certain principles easily 
compensates the lack of knowledge of certain facts”

—Claude Adrien Helvétius



Thank you!



“Exotic” GNNs



Bodnar, di Giovanni, et B. 2022

ManifoldGraph

Cellular Sheaves

𝑢𝑣

𝑤

𝑢𝑣 𝑒



Bodnar, di Giovanni, et B. 2022

Manifold + ConnectionCellular sheaf ℱ

Cellular Sheaves

𝑢𝑣

𝑤

ℱ 𝑢ℱ 𝑣

ℱ 𝑤

𝑢𝑣 𝑒

ℱ 𝑢ℱ 𝑣 ℱ 𝑒



Bodnar, di Giovanni, et B. 2022

Manifold + ConnectionCellular sheaf ℱ

Cellular Sheaves

𝑢𝑣

𝑤

ℱ 𝑢ℱ 𝑣

ℱ 𝑤

𝑢𝑣 𝑒

ℱ 𝑢ℱ 𝑣 ℱ 𝑒

ℱ?⊴A

ℱ?⊴A5

ℱB⊴A

ℱB⊴A5



Bodnar, di Giovanni, et B. 2022

Analogy to parallel transport 
on manifolds

Cellular sheaf ℱ

Cellular Sheaves

𝑢𝑣

𝑤

ℱ 𝑢ℱ 𝑣

ℱ 𝑤

𝑒'

𝑒!

𝑒:

𝑢𝑣 𝑒

ℱ 𝑢ℱ 𝑣 ℱ 𝑒

ℱ?⊴A

ℱ?⊴A5

ℱB⊴A

ℱB⊴A5 ℱB⊴A4
5 ℱC⊴A4

ℱ?⊴A5
5 ℱB⊴A5

ℱC⊴A6
5 ℱ?⊴A6



Bodnar, di Giovanni, et B. 2022

Cellular Sheaves

𝑢𝑣

𝑤

ℱ 𝑢ℱ 𝑣

ℱ 𝑤

𝑒'

𝑒!

𝑒:

𝑢𝑣 𝑒

ℱ 𝑢ℱ 𝑣 ℱ 𝑒

ℱ?⊴A

ℱ?⊴A5

ℱB⊴A

ℱB⊴A5 ℱB⊴A4
5 ℱC⊴A4

ℱ?⊴A5
5 ℱB⊴A5

ℱC⊴A6
5 ℱ?⊴A6

Endow graph with ”geometry” leading to richer diffusion
 with better separation, ability to cope with heterophily, 

and no oversmoothing



Bodnar, di Giovanni, et B. 2022

Diffusion on Cellular Sheaves

Node classification = limit of sheaf diffusion equation 
with an appropriate sheaf

𝐗̇ 𝑡 = ∆ℱ𝐗 𝑡  with i.c. 𝐗 0 = 𝐗



Bodnar, di Giovanni, et B. 2022

Alternative to Weisfeiler-Lehman for expressive power?

Sheaf class ℱ, dim=dGraph type

Homophilic

#Node classes

The capability of sheaf diffusion to solve node classification problem in the limit

2 Symmetric d=1

Heterophilic 2 Symmetric d=1

✓

✗
Non-symmetric d=1 ✓2
Non-symmetric d=1≥3 ✗
Orthogonal, d={2,4} ≤2d ✓



What do we gain from physics-inspired GNNs?

• New perspectives on old problems (e.g. oversmoothing, bottlenecks, etc.)

• New architectures
• Many GNNs can be formalised as a discretised Graph Diffusion equation
• More efficient solvers (multistep, adaptive, implicit, multigrid, etc.)

• Implicit schemes = multi-hop filters

• Principled architectural choices (residual connection, shared symmetric weights)

• Theoretical guarantees (e.g. stability, convergence, expressive power, etc.)

• Deep links to other fields less known in GNN literature (e.g. differential geometry and 
algebraic topology)

• Other physical models



Rusch et B. 2022

Dynamics of a system of coupled oscillators on a molecular graph

Graph-Coupled Oscillators



Grids



grid = ring graph periodic b.c.

Grids vs Graphs



“Lifting”

𝜌 𝑔 :𝒳 Ω → 𝒳 Ω

𝑔: Ω → Ω

Group representation

group



Shift operator

=
1

1
1

1

1
1

Note: Observe that the adjacency matrix of the directed ring graph is exactly the shift operator.  We will use it 
when defining graph convolutions.



fixed neighbourhood structure

𝑖 𝑖+1𝑖-1

Grids vs Graphs



𝑖 𝑖+1𝑖-1

fixed neighbourhood structure

Grids vs Graphs



	𝐱!"#, 𝐱!$#

𝑖 𝑖+1𝑖-1

local aggregation function

𝑓 𝐱! = ϕ 𝐱! , 𝐱!"#, 𝐱!$# 	

Grids vs Graphs



𝑖 𝑖+1𝑖-1

𝑓 𝐱! = ϕ 𝐱!"#, 𝐱! , 𝐱!$#

local aggregation function

Grids vs Graphs



𝑖 𝑖+1𝑖-1

linear local aggregation function

𝑓 𝐱! = 𝑎𝐱!"# + 𝑏𝐱! + 𝑐𝐱!$#

Grids vs Graphs



circulant matrix = convolution

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

𝑓 𝐗 = 𝐗

Convolution



circulant matrix 𝐂 𝛉

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

𝑓 𝐗 = 𝐗

vector of parameters 𝛉 

Convolution



circulant matrix 𝐂 𝛉

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

𝑓 𝐗 = 𝐗

vector of parameters 𝛉 

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

=
𝑦 𝑧 .
𝑥 𝑦 𝑧

𝑥 𝑦 𝑧
. 𝑥 𝑦

. . 𝑥

. . .

. . .
𝑧 . .

𝑦 𝑧 .
𝑥 𝑦 𝑧

𝑥 𝑦 𝑧
. 𝑥 𝑦

. . 𝑥

. . .

. . .
𝑧 . .

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

circulant matrices commute

Deriving Convolution from Symmetry



=
. 1 .
. . 1

. . 1

. . .
. . .
1 . .

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

circulant matrix

shift 𝐒 shift 𝐒
𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

. 1 .

. . 1

. . 1

. . .
. . .
1 . .

commutes with shift⟹

Deriving Convolution from Symmetry



=
. 1 .
. . 1

. . 1

. . .
. . .
1 . .

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

convolution

shift 𝐒 shift 𝐒
𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

. 1 .

. . 1

. . 1

. . .
. . .
1 . .

shift-equivariant⟹

𝐂𝐒 = 𝐒𝐂

Deriving Convolution from Symmetry



=
. 1 .
. . 1

. . 1

. . .
. . .
1 . .

𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

convolution

shift 𝐒 shift 𝐒
𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

. 1 .

. . 1

. . 1

. . .
. . .
1 . .

shift-equivariant⟺

convolution emerges from translation symmetry

Deriving Convolution from Symmetry



CNNs as an Instance of Geometric Deep Learning Blueprint

⋆

Plane ℝ! images 𝒳 ℝ! functions ℱ 𝒳 Ω

Translation group 𝑇 2 Shift operator 𝑆
𝑆?𝑥 𝑢 = 𝑥 𝑢 − 𝑣

Convolutional layer
𝑆𝑥 ⋆ 𝑦 = 𝑆 𝑥 ⋆ 𝑦



=
𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

. 𝜆> .

. . 𝜆=

. . 𝜆B

. . .

commuting matrices are jointly

𝐮B𝐮> ⋯

𝐮>∗

𝐮B∗

⋮

diagonalisable

same eigenbasis for all 
convolutions

different eigenvalues 
for each convolution

by eigenvectors of 𝐒

Deriving Fourier Transform from Symmetry



=
𝑏 𝑐 .
𝑎 𝑏 𝑐

𝑎 𝑏 𝑐
. 𝑎 𝑏

. . 𝑎

. . .

. . .
𝑐 . .

. .θ> .

. . .θ=

. . .θB

. . .

𝐮B𝐮> ⋯

𝐮>∗

𝐮B∗

⋮

Fourier basis

Fourier transform
0𝛉 = 𝐔∗𝛉 

by Fourier Transform
𝛉 

𝐮. =
1
𝑛

1

𝑒D
=E
B .

⋮

𝑒D
=E
B BF> .

commuting matrices are jointly
diagonalisable

Deriving Fourier Transform from Symmetry



𝐔∗𝐔

𝐂 𝛉

𝐔∗𝐔

Circulant matrix

Element-wise product

DFT

p𝛉⋆ 𝐱 
q𝜃6 . .
. ⋱ .
. . q𝜃7

u𝐱

𝐱 𝛉 ⋆ 𝐱

IDFT



Permutation
𝒪 1  DOF

Trivial 𝐺 = 𝑒
𝒪 𝑛!  DOF

Translation
𝒪 𝑛  DOF

Graphs / SetsFully connected Grids



Groups



Convolution, revisited



𝑥 ⋆ 𝜓 𝑢 = 𝑥, 𝑆7𝜓 =Y
38

98
𝑥 𝑣 𝜓 𝑢 − 𝑣 d𝑣

shift operatorshift vector

convolution = matching shifted filter

domain Ω ≅ symmetry group 𝐺
i.e., ⋆ 𝜓:𝒳 Ω → 𝒳 Ω

Convolution, revisited



𝑥, 𝜌 𝑔 𝜓 =

group representationgroup element

𝑥 ⋆ 𝜓 𝑔 = Y
:

.
𝑥 𝑣 𝜓 𝑔3!𝑣 d𝑣

Group Convolution

convolution = matching transformed filter

The convolution outputs a signal on the group 𝐺
i.e., ⋆ 𝜓:𝒳 Ω → 𝒳 𝐺   



sphere Ω = 𝕊!

spherical signal 𝑥
rotation group 𝔊 = SO 3

Convolution on the Sphere

Cohen, Welling 2016



𝐮

sphere Ω = 𝕊!

spherical signal 𝑥
rotation group 𝔊 = SO 3

𝐑𝐮

𝑥 ⋆ 𝜓 𝐑 = Y
𝕊$

.
𝑥 𝐮 𝜓 𝐑3!𝐮 d𝐮

signal on SO 3  rotation 
transformation

Convolution on the Sphere

Cohen, Welling 2016



𝑥 ⋆ 𝜓 ⋆ 𝜙 𝐑 = Y
=> ?

.
𝑥 ⋆ 𝜓 𝐐 𝜙 𝐑3!𝐐 d𝐐

spherical signal 𝑥

Convolution on 
SO 3  

Ω = 𝔊 = SO 3

𝐮

𝐑𝐮

rotation 
transformation

Convolution on the Sphere

Cohen, Welling 2016



𝑢

𝑣

𝑔

∃𝑔 ∈ 𝐺  s.t.  𝑔𝑢 = 𝑣

𝐮

𝐑𝐮global symmetry group

Homogeneous Spaces



Manifolds & Geometric Graphs



Why Manifolds?

More efficient representation: no “waste” 
for internal structures

Natural model for 
deformable shapes



Why Manifolds?

In protein modeling, 
abstract out internal 
structure that is irrelevant 
for interactions + allow 
some conformation 
changes



𝑢

𝑣

𝑔

global symmetry group
∃𝑔 ∈ 𝐺  s.t.  𝑔𝑢 = 𝑣

Homogeneous Spaces

𝑢

𝑣

no global symmetry group



Euclidean space: Transport the filter around the domain

Euclidean Convolution

Figure: M. Weiler et al. 2021



Manifold: Result of transport is path dependent

Non-Euclidean Convolution

Figure: M. Weiler et al. 2021



Manifold: Result of transport is path dependent

Non-Euclidean Convolution

Figure: M. Weiler et al. 2021



Two Types of Invariance

Local gauge 
transformation



Two Types of Invariance

Local gauge 
transformation

Global
deformation



tangent space 
𝑇GΩ ≅ ℝ=

𝑢

manifold Ω	

manifold = locally Euclidean space
Riemannian metric = local 
length/direction
Intrinsic quantity = expressed solely 
in terms of the Riemannian metric

Manifolds

Isometry = metric-preserving 
deformation



expg is an intrinsic map allowing to express 
the signal 𝑥 locally in the tangent space 𝑇gΩ  

manifold Ω	
isometry group Iso Ω

𝑥 ⋆ 𝜓 𝑢 = Y
@%:

.
𝜓 𝑣 𝑥 exp7𝑣 d𝑣

𝑢

Geodesic CNNs Exponential map
expG: 𝑇GΩ → Ω

intrinsic filter = invariant to isometries

Masci et B 2015; Boscaini et B 2016; Monti et B 2017



Geodesic CNNs

Masci et B 2015; Boscaini et B 2016; Monti et B 2017

Anisotropic intrinsic filters on a manifold



manifold Ω	
isometry group Iso Ω

𝑥 ⋆ 𝜓 𝑢 = Y
@%:

.
𝜓 𝑣 𝑥 exp7𝑣 d𝑣

𝑢

Geodesic CNNs

Masci et B 2015; Boscaini et B 2016; Monti et B 2017

Problem: these are abstract vectors!

intrinsic filter = invariant to isometries



manifold Ω	

𝑥 ⋆ 𝜓 𝑢 = Y
ℝ$

.
𝜓 𝐯 𝑥 exp7𝜔7𝐯 d𝐯

𝜔G𝑢

gauge

Geodesic CNNs local reference frame
𝜔G: ℝ= → 𝑇GΩ

isometry group Iso Ω



= Y
ℝ$

.
𝜓 𝐯

manifold Ω	
structure group 𝐺

𝜔G𝑢

𝔤 𝑢

𝑥 exp7𝜔7𝐯 d𝐯
𝑢H

𝑢HH

𝔤 𝑢′

𝔤 𝑢′′
gauge

Cohen et al. 2019; Weiler et al. 2021

𝑥 ⋆ 𝜓 𝑢

Gauge Transformations

Gauge defined up to gauge transformation
𝑔: Ω → 𝐺



Structure Group

A gauge is defined up to a gauge transformation 𝑔: Ω → 𝐺

• “Naked” manifold   GL s   invertible matrices

• Manifold+orientation  GL& s   invertible matrices with det>0

• Manifold+volume   SL s   matrices with det=1

• Manifold+metric   O s   orthogonal matrices

• Manifold+metric+orientation SO s   orthogonal matrices with det=1

• Manifold+frame field  {id}  identity (no ambiguity)

Weiler et al. 2021



Structure Group

A gauge is defined up to a gauge transformation 𝑔: Ω → 𝐺

• “Naked” manifold   GL s   invertible matrices

• Manifold+orientation  GL& s   invertible matrices with det>0

• Manifold+volume   SL s   matrices with det=1

• Manifold+metric   O s   orthogonal matrices

• Manifold+metric+orientation SO s   orthogonal matrices with det=1

• Manifold+frame field  {id}  identity (no ambiguity)

Weiler et al. 2021



= Y
ℝ$

.
𝜓 𝐯

manifold Ω	
structure group 𝐺

𝜓 𝑔hi𝐯 = 𝜌 𝑔hi 𝜓 𝐯 𝜌 𝑔
gauge-equivariant filter

𝑢

𝔤 𝑢

𝜌 𝔤𝑥 exp7𝜔7𝐯 d𝐯
𝑢H

𝑢HH

𝔤 𝑢′

𝔤 𝑢′′
gauge

Cohen et al. 2019

𝑥 ⋆ 𝜓 𝑢

Gauge-equivariant CNNs

Gauge defined up to gauge transformation
𝑔: Ω → SO 2

= SO 2



“Hairy Ball” (a.k.a. Poincaré-Hopf) Theorem

Image: Minutephysics



Theory vs Practice: Stable Gauges

Gradient of intrinsic function Deformation-invariant 
stable gauge 

Melzi et B 2019; Monti et B 2017



Structure Group

Weiler et al. 2021

rotation 
SO 2

reflection 
R

fixed gauge 
{id}



Euclidean (extrinsic) 
convolution

Geometric (intrinsic) 
convolution



Applications



FaceShift 2015



Shape Analysis & Synthesis

Analysis Synthesis



3D Hand Reconstruction

Kulon et B 2020



Kulon et B 2020





Particle physics

Drug discoveryStructural biology

NavigationFake news detection

Pure math



Vosoghi et al. 2018 Monti et B 2019



Acquired by Twitter in 2019



Drug Discovery & Design



Lab

Graph NN
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Synthesizable molecules

“Computational funnel”

DFT

QD

Virtual Drug Screening

Duvenaud et al. 2015; Gilmer et al. 2017; Jin et al. 2020



New Antibiotic Discovery

Stokes et al. 2020



Defense (antibody)

Structure (collagen)Catalysis (enzyme)

Transport (calcium pump)

Communication (insulin)

Storage (haemoglobin)



R1

R2

R3

R4

R5

R6

R7

…

Protein folding

Tertiary protein 
structure

Primary protein 
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Protein Folding



Sequence Structure Function



Lock-Key Metaphor

Emil Fischer “Schlüssel-Schloss-Prinzip” 1894



PD-L1 protein

Biologic Drug Design

drug molecule

pocket in
protein surface



PD-L1 binds to PD-1 and inhibits 
T-cell killing of tumor cell

Blocking PD-L1 or PD-1 allows   
T-cell killing of tumor cell

2018 Nobel Prize
PD-proteins role in 

immunotherapy

Immunotherapy



MaSIF: Geometric ML for Protein Function Prediction

Gainza, Sverrisson et B, Correia 2020



Pocket classification
MaSIF-ligand

Fast PPI search
MaSIF-search

Interface site prediction
MaSIF-site

Gainza, Sverrisson et B, Correia 2020

MaSIF Applications





De novo protein design with MaSIF

Gainza et B, Correia 2022



Gainza et B, Correia 2022

PD-L1 binder design



Gainza et B, Correia 2022

PD-L1 binder structure



Gainza et B, Correia 2022

SARS-CoV-2 spike binder design



Gainza et B, Correia 2022

Binding spike protein in 
multiple virus variants

Pseudovirus neutralisationStructure

SARS-CoV-2 spike binder function



Schneuing et B, Welling, Correia 2022

Equivariant diffusion model conditioned 
on target pocket 3D structure

Structure-Based Drug Design

Igashov et B, Welling, Correia 2022

DiffLinker: Impainting of molecular 
fragments conditioned on target pocket



Schneuing et Welling, B, Correia 2022

“Drug-like molecule 
binding a protein pocket”

DALL-E 2023 (prompt by B)

“Painting of an astronaut 
riding a dog on the Moon”



Drug Repositioning

Zitnik et al. 2018

Drug side effect prediction

Bertin et B, Bengio 2021 (RECOVER & Gates Foundation)

Drug synergy prediction
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Veselkov et B 2019



Veselkov et B 2019
Veselkov et B 2019

Hyperfoods



Veselkov et B 2019



Veselkov et B 2019

Hyperfoods



Video: Vodafone Foundation / Recipes: Bruno Barbieri
Based on Laponogov et B 2020



“The knowledge of certain principles easily 
compensates the lack of knowledge of certain facts”

—Claude Adrien Helvétius



Thank you!


