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] 1
\ U

Applications & motivations: Combinatorics, perceptron-type problems, computational geometry, Matousek’09 ; Chen&al 14 ;
experimental design, randomized clinical trials, theory of approximation algorithms, ... talks of Dan Spielman, ...
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General discrepancy problem x; € (E,[[-])
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Matrix setting of the general discrepancy problem
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Matrix discrepancy ce{£1}

E Ei;
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P 7 dxd — T
Matrix setting of the general discrepancy problem zi = Ai €R (Ai=A;)
__________________________________________________________ - I-l= 1 llop = max{|A; (A)[}

Matrix discrepanc disc(A1,--- ,A,) == min giA;
p Yy ( 1 n) ce{x1}n Z 143 q
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*  Special case: A; = Diag(u;) <:> Vector discrepancy with || - ||~ ‘7_{'{'12'1'}“
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Matrix discrepancy ce{£1}
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Matrix setting of the general discrepancy problem

Matrix discrepanc disc(A1,--- ,A,) == min giA;
p Yy ( 1 n) ce{x1}n Z 143 q

Applications and connections to matrix concentration inequalities, quantum
random access codes, graph sparsification, ...
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\ Hopkins&al '22; Bansal&al '23; Batson&al '14; Cai&al ‘25...

*  Special case: A; = Diag(u;) <:> Vector discrepancy with || - ||~ min

ec{£1}m
1= o<
“Matrix Spencer” conjecture
'4- ———————————————————————————————— -\
. 1 . 1 .
« Many open questions, e.g. | max disc(Ay,---,A,) SVno ! Proven for vector discrepancy by
{ |Ailop<1 I J. Spencer in 1985

Zouzias'12; Meka’14 ; Bandeira&al
’'23 ; Bansal&al ’23; ...
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Matrix analog of... |
W, = Diag(w;) i
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(gi)j = (wy); \_ 777 U moRmemA e e - y
Aubin&al 19 ; Abbe&al '22 ; Gamarnik&al '22 ; ...
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Average-case matrix discrepancy

Wi, iid. N(0,1/d) for i < j What about random matrices ? Margin & > 0

N /

n
Given Wy, --- W, thgh GOE(d), can we find € € {£1}" such that Zsiwi < kyvn @
i=1 op ©
[Kunisky & Zhang ‘23 ; Wengiel 24]
Matrix analog of... Symmetric Binary Perceptron
ij = Diﬂg(’lu.,:) iid
Given g1, -+ ,94 ~ N(0,1,), can we find € € {41}" such that max [{g;,¢)| < kv/n
(9i); = (w;)i ic[d]
,¢ --------------------------------------------------------------------------------- \\

Sharp satisfiability transitions (in the regime n = ©(d?)) ?

>
» Structure of solution space ?

Goals Q ,
» Polynomial-time algorithms ? [Kunisky & Zhang '23] )
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Number of solutions / Partition function

n
E 8Z'Wi
1=1

Z. = # {6 € {£1}"s.t.

< Wﬁ}
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Results I: first moment asymptotics n/d®> =1 >0

Number of solutions / Partition function

1
Theorem: lim —logEZ, = (1 — 71(k))log2

n
2
Z, =F#< e e {£l}"s.t. Zsiwi < kvn s €
i=1 op ) 1 /434 /‘32 1 1 K 3
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First moment computation: large deviations

EZ.= > IP[

ee{£1}"
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E siWi
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< \/ﬁ] = 2" P[|Wllop < ]
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First moment computation: large deviations /\2 W ~ GOE(d)

—32
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< ’{\/ﬁ] =2"P[||W|op < K] —> Left(r < 2) large deviations of ||W||op
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EZ, = Z P

ee{£1}"

< kvn| =2"P[||Wllop < k] —> Left (k < 2) large deviations of [|W/||op

op

n
E 5iWi
=1

1 1 2 3
> Idea: The event ||W||o, < & is driven by I(u) = —5 /N(dx)ﬂ(dy) log|z —y[+ 7 /M(dx)ﬂf —3

Large deviations of the spectral density

Fliw = ] = expl 1)) 000 e
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First moment computation: large deviations /\2 W ~ GOE(d)
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EZ,. = Z

ee{£1}"

> ew,

< kvn| =2"P[||Wllop < k] —> Left (k < 2) large deviations of [|W/||op

op

1 1 2 3
> Idea: The event ||W||o, < & is driven by I(p) = —5 /N(dx)ﬂ(dy) log|z —y[+ 7 /M(dx)ﬂf —3

Large deviations of the spectral density

Fliw = i = op{ =100} 300 e

hm log Pl|{|W{|op < K inf 1
— 3 0gP([Wlop <] =~ inf = I(s)
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First moment computation: large deviations / _\2 W ~ GOE(d)
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EZ, = Z

ee{£1}"

> ew,

< kyn| =2"P[||[Wllop < K] —> Left(x < 2) large deviations of ||W||op

op
—— 2 R —
> Idea: The event ||W||,, < & is driven by I(p) = &
! ____________________________ ~N
| Large deviations of the spectral density 1 e e e e e -~
I
. ] 1.0 \
| -~ -~ g2 Ben Arous & Guionnet’97; | i !
'\ Pluw =~ pl ~ exp{—d"I(p)} Dean&Majumdar 06 ’08; 1 i k=05 1
---------------------------- 7 i k=10 |}
1
ﬁg H — k=125 1
= lm L logP[ Wl <hl=— inf I(y < S
11m — 10 K 1n ! . _ 17 1
d? s P HEM([—k,K]) a i h‘,— 1.75 ;
1 k=1.9 :
i k=20 !
! 1
. . ., H 0.0-5 ) B !
> Compute inf  I(u) from Tricomi’s theorem W i - -1 ( ! 2 i
HEM([—r,K]) ] ! I
1
Tricomi’ 85; Dean&Majumdar '06 '08; Vivo&al ‘07, ... i o) = 4+ k% —22% argmin () i
W)= ——— = =

{ ATVEZ =22 peM([~r.n]) ]
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Results Il: Upper bounds via the second moment method
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Second moment computation: sketch p({W}) = - Zf—’l\ww}

W ~ GOE(d)
p |
1 moment: [[7] <= F(x) = — 35 1o Bl[Wllop < 5] <= 1(1) =~ log Blu({W}) ~ 1] )
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Second moment computation: sketch W)= 0 D dnw)

f W ~ GOE(d)
1 1
+  1tmoment: E[Z.] =) F(k):= 5 og P Wllap, < ] & I(p) = —— log Plu({W}) ~ 4] V]
1
+ 2®moment: E[ZZ] <= Glx.q) = — 7 1gP[[Wllop < i and [[gW + /1 = ¢*Z|op < #] (W.Z ~ GOE(d)

q € [0,1] “overlap”
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Second moment computation: sketch W)= 0 D dnw)

/ W ~ GOE(d)
1 1
«  1tmoment: E[Z,] = F(k) = 5 1og B[ W lop, < #] & 1) = 5 log Plu({W}) =~ 4] &
1
«  2"moment: E[Z7] <:> G(k,q) = 2 log P[|W/lop < £ and [[gW + /1 — ¢*Z|[op < K] (W, Z ~ GOE(d))

q € [0,1] “overlap”

& (g, p, p2) = —dl—g log P [#({W}) ~ py and p({gW + /1 - ¢?Z}) ~ ;U»z]

Large deviations of the spectra of correlated GOE(d) matrices.



Second moment computation: sketch W)= 0 D dnw)

4, W ~ GOE(d)

* 1%moment: E[7,] <:> F(k) = _d_12 log P[[|W||op < K] <:> I(p) = —di?logIP’[,u({W}) ~ p O

1
log P[|W/lop < £ and [[gW + /1 — ¢*Z|[op < K] (W, Z ~ GOE(d))

e 2" moment: E[Z2] <:> G(k,q) = —=

q € [0,1] “overlap”

& 0(q s ) = —dl—g log P [#({W}) ~ py and p({qgW + /1 — ¢?Z}) ~ ;U»z]

Large deviations of the spectra of correlated GOE(d) matrices.

> Our proof gives an upper bound on G(k, ¢), using tailored concentration inequalities.

154

2 —1/2
IIEE[[ZZ?]Q < {1 _ T2(R)] s Sharpness of the transition I:> PZ.>1=1-0(1) if T>7(k) N
K T

Refinements of Gaussian Poincaré inequality [Altschuler '23]
Not tight in general
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4, W ~ GOE(d)
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Large deviations of the spectra of correlated GOE(d) matrices.

> Our proof gives an upper bound on G(k, ¢), using tailored concentration inequalities.
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IIEE[[ZZ?]Q < {1 — T2(R)] s Sharpness of the transition I:> PZ.>1=1-0(1) if T>7(k) N
% T

Refinements of Gaussian Poincaré inequality [Altschuler '23]
Not tight in general

H Challenging problem
___________________ ) more on that later



Failure of the second moment method

10t
— { K,) 0.4¢
103 E[Z&] > 1 —_— :(K}
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5 Second moment method fails
e 0% 2.0
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5.1071

1.8 1.9 2.0

\ . .
i Theorem llI: Below the purple dashed line /Var(Z,) > E[Z,] i (And possibly in a
J

much larger region)
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Failure of the second moment method

10*

[E]

10

The second moment method fails at least in the purple region

E[Z] > 1 o
+ SAT === T (K)

Second moment method fails

Var[Z,] < E[Z,]?
N

0.4+

Suggests quenched # annealed at least in the purple region

0.2
0.0% 2.0
10_.3

5-1071

RIS 10 2.0
K
>EIZ | o e regon

More complex than in the Symmetric
Binary Perceptron !
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Summary: average-case matrix discrepancy Ini= {5 € {17
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Matrix analog of the SBP
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Z, = {8 € {£1}"s.t.
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E Siwi
i=1

Summary: average-case matrix discrepancy = Wﬁ}
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Matrix analog of the SBP

2
n/d” —71>0 Failure of the second moment method in part of the

10
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102 :/ -------------------------------- @ -------------- \:
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Summary: average-case matrix discrepancy = {5 AR S
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n
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1
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g E[Z,,u] <1 i » Structure of the solution space ?
107 ! RS/RSB, ...
B i » (Efficient) algorithms ? [Kunisky & Zhang 23]
10% 00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 ! \
" i » Extensions to non-GOE matrices ?
E Large deviations of spectra of structured matrices
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/
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From matrix discrepancy to large deviations...

p({W}h)

d

d

E O,\;(W}

1=1
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From matrix discrepancy to large deviations... HAWH) = 3 ;(’“W)

Large deviations of the spectra of correlated GOE(d) matrices [Guionnet ’04]

. 1
Exact asymptotics of E[Z?] |:> D(q, 1, p2) = log]Ii [,u({W}) ~ 1 and p({gW + 1 — ¢?Z}) ~ p,g]

&2

W, Z ~ GOE(d)
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From matrix discrepancy to large deviations... HAWH) = 3 ;0,\,(\7\/)

Large deviations of the spectra of correlated GOE(d) matrices [Guionnet ’04]

. 1
Exact asymptotics of E[Z?] |:> D(q, 1, p2) = log]Ii [,u({W}) ~ 1 and p({gW + 1 — ¢?Z}) ~ #2:|

&2

W, Z ~ GOE(d)
— 4Ty [W24+Z7]

1 e 1
D(q, p1, p2) = = 10g/dw dZ z 1 [M({W}) ~ p1 and p({gW + /1 — ¢*Z}) ~ Mz]
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From matrix discrepancy to large deviations... p{W}) = - ;f’,\,«w

Large deviations of the spectra of correlated GOE(d) matrices [Guionnet ’04]

. 1
Exact asymptotics of E[Z?] |:> D(q, 1, p2) = log]Ii [,u({W}) ~ 1 and p({gW + 1 — ¢?Z}) ~ #2:|

a2
W, Z ~ GOE(d)

— 4Ty [W24+Z7]

Zq

b wo= Wi V1 ¢z

D(q, p1, p2) = —— logde dZ 1 [u({W}) ~ py and p({gW + /1 — ¢*Z}) ~ ,uz]

]_ _ d 2 2 dg ) 5
= Culq) — dzloa%“/dwl AW, e~ - TV Wl a2y TIWaWal g 1 OW )) o~ ] T [n({Wad) = o]
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From matrix discrepancy to large deviations... p{W}) = - ;f’,\,«w

Large deviations of the spectra of correlated GOE(d) matrices [Guionnet ’04]

. 1
Exact asymptotics of E[Z?] |:> D(q, 1, p2) = log]Ii [,u({W}) ~ 1 and p({gW + 1 — ¢?Z}) ~ p,g]

&2

W, Z ~ GOE(d)

1 e—%Tr[Wz—l-Zz]
D(q, p1, p12) = = 10g/dw dZ z 1 [M({W}) ~ p1 and p({gW + /1 — ¢*Z}) ~ Mz]
b wo= Wi V1 ¢z
1 _ d 2 2 dg W
= Calq) — p7) log/dwl AW, ¢~ 10-70 Wit Walt 5 TiWaWal 4 [(({W1}) = ] T[p({Wa}) = ps

W, = OLLA-LLOI @ Ao = Dldg({/\ga)}?;l)

10



d
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WD) = 330w

From matrix discrepancy to large deviations...

Large deviations of the spectra of correlated GOE(d) matrices [Guionnet ’04]
. 9 1 >
Exact asymptotics of E[Z]] |:> D(q, 1, p2) = = logP [,u,({W}) p1 and p({gW + /1 — ¢?Z}) ~ p,g]

W, Z ~ GOE(d)

Blg. o, 12) = 5 og [ AWAZ ot [((W)) = 1 and n({qW + /1= 2} = o

b wo= Wi V1 ¢z

= Cula) ~ o [ W, dwy ¢ T NI g (W) = ] 1 (Wa)) =
W, = 0,A,0] G A, = Djag({/\_ga)}le) R —— :
S
= Culg) ~ 5 og / HdA Dax® e w NI (u({A1)) 2= ) 1 u({A2) = ] TN - AR A
i<
57y 4101 024,004 01,0, ~ Haar(O(d))

X thoz [
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From matrix discrepancy to large deviations...

Large deviations of the spectra of correlated GOE(d) matrices [Guionnet ’04]
. 9 1 >
Exact asymptotics of E[Z]] |:> D(q, 1, p2) = = logP [,u,({W}) p1 and p({gW + /1 — ¢?Z}) ~ p,g]

W, Z ~ GOE(d)

1 e 1
D(q, p1, p2) = = 10g/dw dZ z 1 [M({W}) ~ p1 and p({gW + /1 — ¢*Z}) ~ Mz]

b wo= Wi V1 ¢z

1 -——d ? PYFEEYEY 1 2
= Cula) ~ g log [ AW, dW, Tt MWW TSR IS g (W) ) (W) = o
W, =0,A,0] L A, =Diag({A"}L,) e :
Jacobian of the change of variables:
=~ — 4 Tr[AT+AZ =
= Calg) ~ L log / HdA Dar® emamm IR (A} & ] 1 [({A2}) = ] TTIAY = AN )
1<

x Eo [ 2(1 oy DA R ]} Key quantity O ~ Haar(O(d))
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... to the HCIZ integral

2 d H ’ ’ .
. . 4T [OM;, 0T M) Harish-Chandra’57, Itzykson and Zuber ’80 ;
= — 2
Tncrz ([1,1, /“L2) ’ dhmez: d2 log o(d) ’U’Haar(do) € Matytsin ‘94 ; Guionnet & Zeitouni’02; ...

MMa) = pa as d — oo (a € {1,2})



... to the HCIZ integral

2 d H ’ ’ .
w1 4T [OM;, 0T M) Harish-Chandra’57, Itzykson and Zuber ’80 ;
= — 2
Iz (,u,l, M2) . dhm a2 log o) JU’Haal”(dO) = Matytsin ‘94 ; Guionnet & Zeitouni’02 ; ...

(M) — pro as d — oo (a € {1,2})

A random matrix integral with several motivations and applications...

K/

+* Large deviations theory

» Multi-matrix models (our example) Guionnet’s ICM talk (2022)

» Matrix models with an external field

11



... to the HCIZ integral

Tcz (:Ufl #2) — Th 3 log/ e (dO) e%Tr[OMlOTMQ] Harish-Chandra ’57, Itzykson and Zuber '80 ;
) T aar
O(d)

d— o0 d2

(M) — pro as d — oo (a € {1,2})

A random matrix integral with several motivations and applications...

K/

+* Large deviations theory

» Multi-matrix models (our example) Guionnet’s ICM talk (2022)

» Matrix models with an external field

K/

+» Free energy in Bayesian inference/learning when parameters are large matrices, out of Bayes-optimality

Bun&al ‘16; M.&al 22; M.&al ‘24;
Semerjian ‘24; Barbier & al '25;
» Overparametrized and wide two-layers neural networks with quadratic activations Erba&al’25; ...

» Matrix denoising / Matrix sensing with rotationally-invariant priors

Matytsin ‘94 ; Guionnet & Zeitouni’02 ; ...

11
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[Matytsin ‘94 ; Guionnet & Zeitouni '02] Constraints
o m T m———— \
1 1 2 L Oip+ 0x(pv) =0 1
Inciz(p,v) = F(p) + F(v) — —inf/ dt /d [ 5 T g z\f i

) t - 2

o inf | z p(t,z) |v(t, 2)" + Z-p(t, ) ] i p(0,7) = p ]
1
(1) = v |
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----------

> A unique minimizer(p*, v"*), which satisfies i(’?tv + v,

Constraints
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V=T ;Oaa:p | S~ Euler’s equations of hydrodynamlczs with
a negative pressure field P = —%p
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> A unique minimizer(p*,v*), which satisfies |90 + v 90 = 12p, p | S~ Euler’s equations of hydrodynamlczs with
a negative pressure field P = —%p

.E A hard problem for (relatively simple)
i hydrodynamical PDE solvers

Connections to complex analysis and integrable systems E> Particular solutions, but no general numerical approach
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a negative pressure field P = —%p

.E A hard problem for (relatively simple)
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Connections to complex analysis and integrable systems E> Particular solutions, but no general numerical approach
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Similar to ideas used in optimal transport

Our approach  Discretize the infimum over trajectories (p, v) [Benamou & Brenier ‘0001, ..
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Discretization, and large-scale minimization Convex problem in (p, pv)
Constraints
[Matytsin ‘94 ; Guionnet & Zeitouni’02] grommmmmmmmmmomsnes \
1 1 2 1op(0,0) = p i
Inorz(p,v) = F(p) + F(v) — 5 ipﬂf/ dt /dw p(t,z) [U(t,$)2+?p(t,w)z]- bop(1,) = v !
v Jo 1 1
b d E Orp + Oz (pv) =0 i

= Jwyv) — TTTTTTTmTTTTmTmees g
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b v d E Orp + Oz (pv) =0 i
= Jwyv) — TTTTTTTmTTTTmTmees -

Theorem [M. & Mourrat ‘25] (informal)

----------------------------

———————————————— -

N T 2 . I {a E

— inf —EEjAt ()2 + — dt (s i |

T, v) (we(t)} [N " (U )"+ 3 N2 (zit1(tx) —ﬂ%(tk))g) ] E tas(1)} auantles of ¥ i
1 1

1 1

Aty Linear constraints

.E »  Proof requires careful handling of potential singularities in v (¢, )
(]

» The discretization preserves the convexity of the minimization problem
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A word on the numerical scheme

————————————— -
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TV T oy | N & T T S N (a1 (1) — () ; A i
. T ! bai(te) < wiga(te) 1

Linear constraints
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Linear constraints

+* A convex problem but very ill-conditioned in general |:> Naive 1%t order methods struggle for large (N, T')

The KKT matrix has condition number x ~ ©(N?T?)
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ir | N7 ) . i i{z,(())} quantiles of f E
i J = inf |— Aty | vi(t)? T dt| REAE! uantiles of v |
| vty (o) lNZ1; ¢ (U (Be)™ + 3 N2($i+1(tk)—$i(tk))2) ] i i{}'( )} !
H A= ’: H .I,([k) < ;’I:.i+1(/;,) H
N ———— - - \

Linear constraints

* A convex problem but very ill-conditioned in general |:> Naive 1%t order methods struggle for large (N, T')

The KKT matrix has condition number x ~ ©(N?T?)

< We use approximate second-order methods with strong preconditioning techniques.

Using fast approximations of the inverse Hessian of Jy 1
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A word on the numerical scheme
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Linear constraints

* A convex problem but very ill-conditioned in general |:> Naive 1%t order methods struggle for large (N, T')

The KKT matrix has condition number x ~ ©(N?T?)

< We use approximate second-order methods with strong preconditioning techniques.
Using fast approximations of the inverse Hessian of Jy 1

» Allows for large-scale computation
N, T ~ (103,10%) is typically solved in ©(1min.) on a single GPU



First applications (1)...

Benchmark |

[ =V = 0s.c. (semicircle), with variance ¢ [Bun & al'16]
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Benchmark |

[ =V = 0s.c. (semicircle), with variance ¢ [Bun & al'16]

t = 0.000
1.0
0.8
< 06
A
Q
0.4
0.2-
0.0
-1.0 -0.5 0.0 0.5 1.0
X

— Analytical solution
Numerics (N =T = 1024)
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First applications (1)...

Benchmark |

[ =V = 0s.c. (semicircle), with variance ¢ [Bun & al'16]

o(t, x)

t = 0.000 p=v=0sc/(0%)
S
L LT .".1.-...._‘_*‘.. = 10-7
..-..‘ 3‘
100: ..".- L 10—8
W,
‘.I
‘K\ o?
[ 10—1 ‘\
E ‘“-.\
‘\
.\
107 ____ Analytical value of J .
e N=4096,T=4096
o N=16384,T=1024
1073
-1.0 -0.5 0.0 0.5 1.0 1074 103 10-2 10! 10° 10?
X o2

— Analytical solution
Numerics (N =T = 1024)



First applications (2)...

[Matytsin ‘94; Guionnet-Zeitouni ‘02; Bun&al’16]

------------------------------------------------------------------------------

p*(t) is the eigenvalue density of the Dyson Brownian motion A(t) = M + tW,

constrained to have eigenvalue density v attime ¢t = 1

-------------------------------------------------------------------------------

W ~ GOE(d)
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First applications (2)...

[Matytsin ‘94; Guionnet-Zeitouni ‘02; Bun&al’16]

~ _
p*(t) is the eigenvalue density of the Dyson Brownian motion A(t) = M + tW, i Vit e,
]
constrained to have eigenvalue density v at time ¢t =1 i

/

W ~ GOE(d)

Remark: Without any constraints, p(t, ) = p B O ..vi (free convolution)

o

Benchmark Il

Free convolution v = B o ..

p(t, x)

1.0

0.8

0.6

0.4

0.2

0.0

V=UHEOs

t = 0.000
t=0.083
t=0.324
t=0.682
t=0.921
t =1.000
—— Analytical solution
= Numerical computation
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First applications (2)... e
[Matytsin 94 Guionnet Zeitouni ‘02 Bungal1el MM o, W/k
E p*(t) is the eigenvalue density of the Dyson Brownian motion A(t) = M + tW, E v, \—\\m\J\ﬂ«_kz
i constrained to have eigenvalue density v at time ¢ = 1 — {!Z(”M: i L

Remark: Without any constraints, p(t,) = B O ..vi (free convolution)

10 V=HHOs ¢
t = 0.000
- t=0.083
Benchmark Il 0.8 - t=0.324
t = 0.682
Free convolution ¥ = p H oy .. 06 © t=0.921
' t = 1.000
x — Analytical solution
" . - .
3 04 Numerical computation
These 2 benchmarks are the only known 0.2
- analytical solutions to Matytsin’s equations ! //
(to the best of my knowledge) 0.0
-1 0 1 2 3



First applications (3)...

Our solver can be applied to arbitrary (1, /), for which no analytical solution exists.
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First applications (3)...

Our solver can be applied to arbitrary (1, /), for which no analytical solution exists.

Example

0.5 t = 0.000

0.4

0.3
X
W
3 0.2

0.1

0.0

-3 -2 -1 0 1 2 3




... and work in progress

Conclusion A provably correct general-purpose solver to compute Iz (u, v) for arbitrary (p, v/)
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Conclusion A provably correct general-purpose solver to compute Iz (u, v) for arbitrary (p, v/)

U Other numerical solvers ?

PDE solvers, integrable systems, augmented Lagrangian methods, ...

O Applications in disordered systems and statistical learning

»  Sharp phase diagram in random matrix discrepancy
»  High-rank and mismatched (non Bayes-optimal) matrix denoising

»  Overparametrized two-layers neural networks with quadratic activations

O ... Other applications (large deviations theory) ?
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