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Stochastic localization
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Exponential tilts:  For any y 2 Rn define the measure 
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Stochastic localization
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µFix a measure on Rn

Construct a measure-valued process as follows:

[Eldan 2013]

Exponential tilts:  For any y 2 Rn define the measure 
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µt,y(dx) =
1

Z(t, y)
ehy,xi�tkxk2/2µ(dx)

Evolution of the tilting field:

Mean vector:
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m(t, y) =

Z
xµt,y(dx)
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dyt = m(t, yt)dt+ dBt, y0 = 0 .

<latexit sha1_base64="Ee24PhnMwXy38859kXvZibjtcCg="></latexit>µt = µt,ytLet
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mt = m(t, yt)and



Stochastic localization

are martingales

Properties:

and(µt)t�0 (mt)t�0 In particular µ = Eµt1.

2. ECov(µt) �
1

t
I8t � 0

3. Consequence of 1 and 2:

mt
d���!

t!1
m1 ⇠ µ

[Eldan 2013]

Powerful technique in High-dimensional Probability/Geometry   
Stochastic analysis, KLS, functional inequalities, mixing times, …

Related to the Polchinski flow  [Bauerschmidt, Bodineau, Dagallier 2023]



Information-theoretic characterization
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Information-theoretic characterization [EA, Montanari 2021]
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d
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[Classical; see Liptser, Shiryavev 1974]

Equivalent to score-based diffusion sampling

Rapidly growing theory in ML [Chen et al. 2022, Koehler et al. 22…]

[Montanari 2023]



A sampling algorithm



Sampling via stochastic localization (SL)

For 
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For 
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Sampling via stochastic localization (SL)



Mean-field spin glass measures

The Sherrington-Kirkpatrick model: 

<latexit sha1_base64="ykynGulqfDYyt4MNHRcicH/Sp4c="></latexit>

µ(x) =
1

Z
exp

n �p
n

X

i<j

gijxixj

o
, x 2 {�1,+1}n

Mixed p-spin model:

<latexit sha1_base64="3Z5lHHE/xSoivy9wmXrUNzP7YXQ="></latexit>

µ(x) =
1

Z
exp

nX

p

��p
n(p�1)/2

hG(p), x⌦pi
o



The pure spherical p-spin, p large:
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The phase diagram, spherical
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log p
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Replica symmetry Replica symmetry 
breaking

[Ben Arous, Jagannath 21] [Chen 13]



The pure spherical p-spin, p large:
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Shattering for all 
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breaking
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[Chen 13]



The pure Ising p-spin, p large:
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The pure Ising p-spin, p large:
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Shattering for all [EA 24]Thm:
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The pure Ising p-spin, p large:
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Replica symmetry Replica symmetry 
breaking

Shattering or RSB implies hardness of sampling by “stable” algorithms. 
[EA, Montanari, Sellke 2023]

Thm:



Poincaré inequality:

Rapid mixing of Glauber dynamics

(Modified) log-Sobolev inequality:

Implying mixing in 

Implying mixing in 

[Anari, Jain, Koehler, Pham, Vuong 2023]
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tmix  Cn log n

[Eldan-Koehler-Zeitouni 2020]

SK: for all � < 1/4

[Adhikari, Brennecke, Xu, Yau 2022]

p-spin: for all      
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� <
1p

p3 log p

 [Chen, Eldan 2022]
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� < 0.295 · · ·Very recently MLSI for SK: [Anari, Koehler, Vuong 2024]



Theorems

[EA, Montanari, Sellke 22, Celentano 23]

Theorem: Wasserstein sampling guarantee for all  

SK model:
<latexit sha1_base64="+gRFsgO3FnlMnTzh5/MC19Qop/Q="></latexit>
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Sampling from SK using SL

Number of steps

First five coordinates

<latexit sha1_base64="HbWdQkyADz+KJ1iY6Izf6kFi3f0="></latexit>

n = 500, � = 0.5



Functional inequalities and fast mixing 
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Proving PI/LSI using SL

Idea: Localizing the measure induces regularization

PI/LSI for localized measure + approximate variance/entropy conservation 

implies PI/LSI for the original measure.

Proving PI/LSI for the localized measure relies on problem-specific 
methods.

Proving approximate conservation of variance/entropy relies on bounding 
the operator norm of the covariance matrix.



Poincare inequalities

We want to show:
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Eµ(f, f) =
X

�⇠�0

µ(�)µ(�0)

µ(�) + µ(�0)
(f(�)� f(�0))2
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Poincare inequalities

We want to show:
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d

dt
E
⇥
varµt(f)

⇤
� �E

⇥
varµt(f)kcov(µt)kop

⇤
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Eµ(f, f) =
X

�⇠�0

µ(�)µ(�0)

µ(�) + µ(�0)
(f(�)� f(�0))2

<latexit sha1_base64="6VaaIL/NKcEHUxPDEQZVZK8qgdE="></latexit>

varµ(f)  CEµ(f, f)

where

(Dirichlet form of Glauber dynamics)

Idea: Track the evolution of each term under SL

<latexit sha1_base64="5TaKm7UuaNzljeyEmsf+RZ1SNk4="></latexit>

E
⇥
Eµt(f, f)

⇤
 Eµ(f, f)Lemma 1:

Lemma 2:



Poincare inequalities

If 
<latexit sha1_base64="zoqPhiKOh/PgGnYdvmRFxokEZYk="></latexit>

kcov(µt)kop  ↵(t)

then
<latexit sha1_base64="1WR1MmRMqBzAbkKmYZFVS46B3SU="></latexit>

E
⇥
varµt(f)

⇤
� e�

R t
0 ↵(s)ds varµ(f)

a.s.

(Approx. variance conservation)



Poincare inequalities

If 

then
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kcov(µt)kop  ↵(t)

then
<latexit sha1_base64="1WR1MmRMqBzAbkKmYZFVS46B3SU="></latexit>

E
⇥
varµt(f)

⇤
� e�

R t
0 ↵(s)ds varµ(f)

a.s.

Next, if

(Approx. variance conservation)

(PI for the localized measure)

a.s.

<latexit sha1_base64="E1e/QKg3ULdVNpgZ+Rf7EW9QAx0="></latexit>

varµ(f)  C(t)e
R t
0 ↵(s)dsEµ(f, f)
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varµt(f)  C(t)Eµt(f, f)

(PI for the original measure)
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Precludes applicability to models where the above is simply false!

One example: the Random Field Ising Model



Random Field Ising Model

RFIM on a graph  

<latexit sha1_base64="1AqLKwuJQ8/RRgUDxDR22a4m7vU="></latexit>

µG(�) / exp
⇣
�

X

(u,v)2E

�u�v +
X

u2V

hu�u

⌘

<latexit sha1_base64="YEllMJxoXDoVSFnV36I9R4fAEf4="></latexit>

G = (V,E) :

<latexit sha1_base64="+bfIZZhQm6b31eAN6Ogt3ssjYnc="></latexit>

� � 0
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hu ⇠ N(0,�2)

Notation:
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µG = RFIMG(�, h)



The (Random Field) Ising Model
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…yet correlations decay exponentially on average.
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…yet correlations decay exponentially on average.

The Griffiths 
phase



The Griffiths phase

Dynamics are expected to slow down, with vanishing spectral gap. 
Mixing time is at least super-polylogarithmic. 



The Griffiths phase

Persistence of correlations at small scale imply 
<latexit sha1_base64="ERHFK12UqvdBnIgAuKN1K844lYA="></latexit>

kcov(µ)kop has non-trivial upper tail. 



(Full) Poincaré inequality

Theorem:

[EA, Eldan, Gheissari, Piana 24]

If exponential decay of boundary influence on average, even in the 
presence of nearby pinnings,  then 

(i.e. strong spatial mixing)
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sup
f

varµ(f)

Eµ(f, f)
 exp

�
L

d�1
d +o(1)

 
,
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1� e�Lwith prob.
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Mixing time is              with high-probability. 
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Lemma: SSM holds if 
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Weak Poincaré inequality

Theorem:

[EA, Eldan, Gheissari, Piana 24]

If exponential decay of boundary influence on average then 

<latexit sha1_base64="0cHi8gfTWuJhUWeHBNJ4KJ5e/LE="></latexit>

varµ(f)  |V | Eµ(f, f)1/p osc(f)1/q
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 = (d,�,�2) > 0
<latexit sha1_base64="8B4CZ5hdl6hzfGa8X7wjq2/rtok="></latexit>

1/p+ 1/q = 1 <latexit sha1_base64="873GsGgHu6n/EUIWcEmSg5OIt8Q="></latexit>p(    a large constant)

(i.e. weak spatial mixing)



Weak Poincaré inequality

Theorem:

[EA, Eldan, Gheissari, Piana 24]

If exponential decay of boundary influence on average then 
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1/p+ 1/q = 1 <latexit sha1_base64="873GsGgHu6n/EUIWcEmSg5OIt8Q="></latexit>p(    a large constant)

Implies algebraic relaxation of the dynamics on polynomial time scales:

and existence of a polynomial time sampling (in TV distance) algorithm. 

(i.e. weak spatial mixing)
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varµ(Ptf) 
n

t↵
kfk1.



At a high-level
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µ = RFIMG(�, h)
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g ⇠ N(0, I)

Proving PI/LSI for the localized measure:
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At a high-level
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g ⇠ N(0, I)

Larger t means variance field variance! 

Proving PI/LSI for the localized measure:

 Show PI for       via coarse-graining the 
lattice + disagreement percolation
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Green = strong 
fields -> SSM 

Red = weak fields -> low 
temperature 
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At a high-level

Proving approximate conservation of variance/entropy relies on bounding 
the operator norm of the covariance matrix.

<latexit sha1_base64="JEFoLkyHPOYWzOehix7wooHLqRQ="></latexit>
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Proving PI/LSI for the localized measure:



At a high-level

Proving approximate conservation of variance/entropy relies on bounding 
the operator norm of the covariance matrix.
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Proving PI/LSI for the localized measure:
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varµ(f)  |V | Eµ(f, f)1/p osc(f)1/qImplies the weak PI



A few open questions

1.  RFIM under weak spatial mixing

2.  SK for all  
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Thanks!

3.  SK with external field  


